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Geometri ¢ Donusimler altindaly déf&mezleﬂ“f'\ Persembe
.l B e e
teorisidir, ( InVayant lerin )

| /] o

Donvsim * Depismezler = Geometri
Diferansiyel Geometri * Difersrsiyel (turev )donisimy sltndaks
degigmezlenia  teorisidir.
'Teme.i Kavramlar *
Tanm = (Afin U2ay) = Bog olmayan bir A kbmes) (vzayy)
n-boyntly bir reel veltor v2ayr V ve,rilsfn.
(IR, t,+) bir cisimdir. Buna reel sayiler cismi denir.

NV, ®) = bir abel ﬁrubudur,. -

v, @, (k,+,+),0] O : R x\ —V
' | (a/"‘)——D&‘@"‘

Bir ‘Fonksf\x)onv/ f:AXA—>V , ¥Yp,Q& A isin
(Fra)y—£(Pa) =

tanmlansin, 656 y
Y1) VY RG,R €A ish, F(RR)= F(RQ)+F(QR)

22) ¥ PEA ve YtEV lcin, ,-{-‘(P,Q)'»'-D( osécsk selilde
birtel QEA noktasi vardiry, (afin v2syin- slesiyomler )

bzellilleri seplanlyersa A kidmesine V ile birlegmiy ©ir

afin vaay deir. NP
) B

"\7 ;ﬁf)\f } > e , : ¢ AT
,.4”"’“‘ — ! . aiiisisn. s
ot 06 = O0A+AB

0 3 > A

£(PaD :’?g * P baglsagis , @ vg Moletasidir
Braek , IR2 =5 (x,,%): Xi, X €1R | imesi R Uzerinde bir
Ve ltor U2advchr. (Velktorlerin toplavi ve garpwi lsleming qére
bir Veltor uzadtdnr.)

A Limes) cizlendeki noltalana kumey) olsun,



Py ) vl t fnfomosi
? OF = (Xry)
o) N
: AXA —> R2 -
(R — f(PQ)~< (3,b) afin uzadchr.
ek, RN =§(XYaree X0) X1y X2peey Xa E R T vekdirler e

,,,,,

ZP’ P=(i/Prsccffn) A FPisP2y.. ,Pnéxl.ég y\olc{a)em (mle.SeALu,

A Limesi noltay: baplengisa birlentiren velAdrlerin kum:dcf‘ ‘
£:AXA — V=g N
(F0) —> F(r,8)= 0=F = (A1, 92,..,90)= (P P2, ,Pr)
= (94= P, 9 =P, ... An-Pn)
19 ¥ ©0,REA,  P=(PPs,us,pn); 8=(9,9.-.,90) , R= (T2, i)
£(PQ)=@—P =(9-L1,92-P2y...,90-Pn )

f(arR)= R-Q = (t‘f?‘n‘,r;,-‘\z plaat f’n-‘in)
4+ 1 :

£P.Q)+T (QR)= R=P = ()=Pr, 2 =Fa)...,n=Pa ) = F(PR) (™
,20) ¥ PEA => P"'(Pl/Pz:---/Pﬂ) A V"ixéﬁn =) N‘-"(XI,XZ/---/X/‘&”’)
f(FQ) =0 = @-P et = g= P+ |

2D Q= (Pt X, PetX2,.c ) PatXn) €A Heltir.
0 halde A Limesi bir afin vaayedifi |
sam * (#iﬁ“éab)‘- Bir V. veltr vaay ile birlegen afh V24y
A olsun. A afin uzayinda ZPO,Pl,Pz,-..)Pn? Nokta kimes
erisin. of = f(Po, P) = Pofy ; 4<i€n olmal (:ere seger -
2&7,73 ,--.,'53/\}" Limesi \ ain bir bazi ise fPo,F:,Pz,:-.,,Pn {

nobte kumesine A'da bir afin cati deair Ps:

IR,

fo ¢+ Gatinin ba.slygnq nokté&c{cl‘.

) 7 . fo Pe
87 & / 1=jaci bicin noletasidir. (4.:’/21'-'/”) =
: |
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Orneky, {1AXA =R ,oMPEA , B= (Psba)
<ﬂQ)""‘“f(t°/Q) =Q-F
Po=(tA) , b= (0,-1) ,P2=(-1,2) ook Yzere 7

§Po,P1 P [ nolts Limesinin A ma bir afin gatist o llyguay
gbsterelim. A=R2
F(PoP)= Foby =31, £(Po,P)= s
ED‘!M?.K nin R? de bir baz oldgunudé’b‘l:efmaya’z.
= f(Poift) = O ~Po = (0,-1) = (1,1) =E1, —2)
oth = i fo Pul) = PL—PO)= (-1)2) = (1) = (=2, 1)
Ny M EIR alahm.‘
N4 Moty =0 =) My (t,m2)+ A (-2,1) = (0,0)
=) (FA=2%2 )29 +P2) Z(0,0)

-N-2% = _ l-—l —2" =—) =4 ==5 -‘7&@_
—-28+22=0 A= -2

M=V =0 el 6o2OM V&dtﬁ @) da Sifir q&()‘M olur.
§1,%,7  lineer bagimSizcir. 8azdu. (tabardic )

nwog uk\\l Y

Tom ¢ (Oklid Uzay): Bir reel afin vzay ile birlepen vektdr vzay)

v
V olsun. V de bif i qarpm <o) 2 VXV —2 R

le garpim 2 Vv — R
ot B 24 @) — f(4R)

\ (= Ye,REV, f(“:ﬂ:) =f(£,%) (simetri Seelligi)

- < S EK o<y P
( flarsrcef, 8) =eifl,n)r caf (00) L} o yren )Z T &)
\ve (ot ,ciftead) = ciflxp)tcafl x) = f lingerd i 4 fie)
3 . =) £ bilnger. (2 -lineesdir. ) elur

2 = Popltif Laamhhil 526“53; ;) YXeV, f(xx) 20 ve
3\ ,F(o(/b()-_-o = =0



:“?.5za“§b.w:' Saflanyarsa , f fonlasiyoruna V veltor weayinda bir
lc garpm denir. | vektor veayina da lg garpim w2ayr denir:
gir veltor U23yinds veltsr Uz@, taairvslanr:a ,bo U28ys

G Garpim L28Y) denir.

<H> P XY — R
(X)) —> <x,¥>= 2 XiYq

sellinde tanmlsar. X = (XQ,XQ/.-, /Xn) o Y= (910Y2 - 19n)
(den 2 <U> 2ife garpmahic 2 ) :
i= <x,¥» '—’Eﬂ' Xiyi =::é/’\¢4{ X{ =<y, x> (shnetrl ozlI{§i)
Bu ig qupima Belid iq gaspmn deair
Afin v28ya da Mdmfn vt
Z <X YD = Xegr +Xey2 ¥ -t Xnyn =D Sl lid (g qapin ?
A=R" V=" alrz. A=E" i n-boytl reel dblid u2ayr.
Afin Lz yin bO\yU‘tu d B@A =BoyV ~ veltdrler lediresi

@7 noHa!ar bimesy
b.rle&@ veltsr v2ayinn boyutuna denif

2am ¢ (Uzallik): d2EN X M —5 R
< ( : (x,9) —"’d(x:a)—”—‘m =R KT D

2\[—2(36')‘{)2

olarale tanmlansn d(x:g) reel saytsma X,y € E" nokdaler

s . |
A ASTERITR

ar&sméakn uza(ehk denir.
X= (Xt) X2 p¥a) , Y= (&ﬂ) (yuyu- 9n)
corem: E" dek, zal i fonlsjyon bir metrilctir,
1- A(xy) >0 (xu)s(‘% (3i=2)% 20 dr.
2- d(x,ﬁ)—-——o =) X=y, , |
dng)=0 <=> {g (31.,)(1‘)1 0 & 1:% (.%')ft' 220 &> (&;—xg)-.-o

< Yi=X4 N g,

X= (XA/XZ/—’-/ Xl))'—‘ (Ul/&z/*-./Jn) ""J <=> X:@ C’va//

/oy
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Y —
e
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dxy)=0 & X=y , | 307
3~ dlug) =du) dfiy)- [ £ it =( £ [—(x,»g,gz
Simetn oze,n.& m)l d(g,x)
4- VX@/Z e E" d(x,z) d(x,y)ﬁ-c)(y/z)
d(xz) = Il E’)H =%y +72 )| (1. afin @hsjomundm)
NS 2| (Schwarta epitsidii,

= d(¥z) < dNv)+ly,2) (u;\sen eaiéslzlu 1)
g de temmlarsn ‘d W2alklil fenk&yﬁnu bir metriletir.
8o metrjie oklid metr(3i deair.
Toam:  (8g1) ! %R vektdcler ise (N/f3>’ Il BN - cos ©
=> cosg = SB>

el @)
X2 € ET olsun. /
N Y B R zé_%%
e 2 KX 320 [E sy e
IS0 0g20  bgntisyyla tanmiasnan © sqpsidie -

Tonim * (Belid: c,‘a'tlso £ deli Zf’o,f’g,_-., Pn\ ﬂH —lisine  kassiliks
eler IRY (veltor uz&dmdsm) delu ZPoﬁ, Fo Pz Joii | PBF fa § Limesl
RN in bir ortonotmal bazl ise by jPo,ft,...,fn T llmesine
dib- gatt veys oklid gatist deair.
Po beply\\ftq noletas! Py 1 L.—inel birim npkta.
5Fnel¢_// £" d, Eo =(0,0,...,8), £1=(1,0/0,... ,0) , 2= (0:4,Cy. - 0 )
—o. Ea=(00,.. 1) Noltslant - veriliyor. Buna gdte:
— 2
EOE‘ 1 (“{10/.—-/ O) EOEQ (O/’/O/../ O) /,,,/ boe/\ s (0,0!-,,/ f)
JEo€1, EoB,..., EcEn ] IR" in bir ortonormel bszidir:
{ EoE( ,Eo€f Y= 8¢5 ortanotmeldin .
:>Eﬁ;o,é',.u,€hf bir otlid C;é’tlréidir'.
Tam: v gotiye standart ollid gatisi dealr



Tanim * ‘(b’kh‘d Voordinat s&mr): £" de ZEo,Er, Ez,..., €nf catisl ve

—) —_— =
bic X noltas) Verilsin. { &€ jEak ;é.-,vé:gn}‘ VU am baadir,
T A — J;
Esx = = x{EoE Vu an geel vel &
£z .S'SJ!S(chF

sellinde {elk t0rhy
€.

olasat &&mhr.
X= (X, Xz,.-., Xpn ) =X Coél X2 EoEa | N P +Xnéﬁ2'f\
Kplo B ——s R | | | ‘P=(P1,Pay--i , Prr)
X —> X ()() =X¢
B b i (P) =P}
fonkSJonuna i —inct Blelid  koordinat 'fonhédanu denin

X, :E"— R

Q@ — X)(@) = X1 (A,92r--,94) =V Bllicl  lkoordinat
fon&c{jonp deail: ;|
Topoloji t X #¢ bir Lime (uzay ) , X in alt kimelerinin kir allesl
(tolelsiyonu ) & olsun. T=AiiieT A ALSX]
1- g, xeT | |

bl AL A et S Anif &1 | Vodrds TACT s dudet

La- AleT ,{eX, U‘\c & T
bnesmelent Ao\gru se T allesi X lu'ime&) daermde. bic ‘tOPQIQJ\ChP
Benek , RN=RXRX___XIR =5 (XX s Xn)? Xe€IR S 4202 ,0yn 3
afin uzadmc‘,l,a’l \7”036!&‘1 iqm,d(x;&)ﬂ[gaw Nle:tr;‘si, c;—ardm,c& la
Tyt yeENAd (uy) <Ei A £l€R § = B(X, &) tsamlsuyor,
’T=€8(X,E¢') : XEIRD g Limesi IRM de bir 'bo,oolojn"d?r.
©) RN eT ? |
£i=0 => dlny) <0 =) geT

x| : @, RN e
gl oo = RN et § ¢'/ 4

4

2) ve 1°) de sgplear.

Sonng olak ; T, RN de bir topolod';am (RN deki metril ‘ﬁ‘oﬁolc;ﬁa!{p)af 1T

O

-

{ R S R ey R (e e e z
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Topolojie wzay 2 X bir Lime, T de X izerinde. bir topolefi olsun. (X 7 )

() ikilisine bir topolejik. v2ay denir:

) topolojile vaqyi genne ; X topolojile-v2ayl alenileeilir.
Relstif (edayesel) topoloji * (x,T) bir topolejie wagy ve Y<X
dsun. YAieT lgin, AinY kimeleri de asgik kimelerdir. (kabul )

Ti=5$Yi: Yi=YNA{ A AfeT § olzvak “saimlaran Ty
allesi Y/de bir to/)alq_ji Atanmlar (v, Th) de bir @polOJ';'t
uz.a\vchr. Ty ‘e X 'den indicgermiy relatif topolqji deair:

T=Yi: i =YnA{ A A(eT T

1°) Al=@ e = Ing =¢p =Y(& T,
YeT = YNy =ye Ty

CETY
29V € T, YinYa = (YﬂM)n(mAz) £ Yﬁ(ﬂmAz) 6’77

3%) U (Y0A¢ ) € 7y
Te, ‘( de {adirgenmiys burye.sel e(;ofolcya deaifs
5rnek// E? de (2~boyutlu bk lid ua;y:) o mg—tr@ ile. verilea me‘:trik'
fto,aol:g)'{yf dvstaelin. J A |
T= 8 (x,E()‘ XEE2 A EicR |
L=§ (x,0): xeR { < E2
Ti={N = 8(x,e0)NL=Yi ]
1°) gem , YeT
29 Yp=Lnk(x,n) Y.=LNB (Xr2)

YiNYe =2 aqitin
3°)  birlepimleny de agikti.
O halde T, €% den indiroemis bnyesel +Hopolojidir
M Homeom orfizm (%Polod'.‘t dénﬁoé'm) :

(x ) ve (1,T2) MNi<opole)it egy ©lsun. \/



8ir “f3 X=2Y  fonksiyonu &
P) £, 4 2%) fibrkn 50 f slrekli | 4) 7)) sliel
se £ lye X der Y (ye bir homeonorfizm (topolofil <dabyim) veya

esyépl d8nbsiml denin i hevs | 334k &t - 1

X ve 'Y uza:,iarma;.homeomor{-‘iutn‘rlef ({:opol@'ik olaralk dmu:frler) 1

denir ‘
Braek , X=§0ng): (uy)e EZA y=x2 {cE?
1= § (xi0)* (o) €€ A xeie JeEr \

feX=—>Y
(xy) — £y ) = (X/o)

Bawn: (Hovs doc fif Uzayt )

X bir topolojle y2ay olwn. VP Q €Xwe P7@ olak Gere
ApNAg =@ olscak gekilde P hin bir Ap e @ nun bir A |
civari (komgvlygu) varsa X topolejit uzayna bir Havsdorff ueay denln |

f)raak,/ EN bir  Havsdor {f vy dif. (er,d) bir topolojil uzaddlr, | h

VRQeEE"A PR » :
AP.’:EJ 'd(PI\‘j)< d(P,Q) z

. o Ag= 2" d(Q:2)<d(P,Q)§

gbdosent L L ApNAg = ¢ Vi
Tonim : (Topolqpe Manifold ) * | 1

et

M bir Lopolejile U2y Olsun.
Mq) M Gir Havsdorff vaqydir
M2) M nin saylabilic qoklukta agik klimelesrder  olugsa bir grtusu 4
vardir, (A kum/gﬂ Lrelr allesi ve ASUA * & aledd Aan bir \\
or/cissiidur.) (= 3ni: ie 7 ) ' |
Mg) M aln herbir agik alg kiimesi E“-’e veya E" in bir gkt

"N ; ] § W ) ’ =N
alt bmeshe homeomor ftur, (\W- ULGMW{:&ét



3!
onesmelers dogrv ise , M ye Wﬁfvfo i Mmanifold deair.

1_5rnek// EN inikendist bir topolefik manifold dur.
EN, taamdan topolgjidir, Havsdor ff vagyicht ve brdusy agilk
Limelerdea olugur, ve homemeor ftyr.
2.0c0ek j €N in yMba'r apk alt kimes bir gpolejily Mafli’f@ld’du’:

TSINIRL, ] o Aopolgfe seqgee

s

P i el
P! f (Xz)\ £exy)
1) Gember Jarindeli agik da\y'ar'(é'msf"ﬂ AQ J@n) slirsat

- Hevsdorff v24y tchie
20) W=101,0,040,7 saylsbilirdir.
I"Y'Y g 7 NS e vy el
30) f=§ \XZL}{S::X*
fla)=flrz) => Xi=X, £,0:1 din 5 f Srtenairs.
Vx¥ee = f£x)=x¥, x,es“\m./» (Cdev): £ vardir.
8oy (S'\3p)) =1 S8t 4 bogutly bire.|
Topolod'a'k agldan, gember ile dggru birbiring dealkt(r.
Problener - | |
1- 2- b@utl‘u" Bllid v2ay (Sklid dizleni ), €% de Ug farkh aoéﬂw
XX,z ol.wn.;& ve E% veltdrlei arasindaki Qg1 © old(@vna
\98@ 2 a(y,2)=d(Y,x)td3(z) - 2 d(xY)d(x,2) cos ©
oldygunu ispst edin.
2= 8l B, ©,,65 €IR  olmalk lzere , €% de ; Po =(=§,ng
Pr=(a+tcosBrc080; , bteos®;s8in®y + Sinpy sin@z@sec, ;
<t .sin By S»_'n@;; ~cos @ Sin@z 50363)
Po=(a~cosO, sinby, bt+cos® SIN®; = Sin®¢ SI©281107 ,

ctSinBycosdy +eosy sin®, sinby )



P3=(a+¢:inez 10 =8iIndrcmn©, , Cct casefeo.sez) ! :
noutalert veriligor. JPosfiiPe, s bmesioin €S de bir Selid | )
Gatis) Oldajunu spat edin. N

3- E" de bir Bklid koordinat sistemine gdre-, Ake £N novtalar .
A=(s1,82,---4an) B’(bubzz---,bn) koor dinatlen e veriliyor;
d(A,8) [E (bg—a¢)J i Ofdujww :S,oatlajm. amb.g |3

4~ Erde Po=(1,1) s P=(2,2), Pa=(=3/5) olmaL UJere ffo,h,f’zf 4

gatis) veriliyor. Bu satya 9ore L2kl formislinl. bulvayz. i

5- EN stoadart (reel) olelid Uzé\\ymdé Ae= (ém/éu,-..,ane‘) :T
1<k €N noltalar \I@“ijol: (tiljle bir x€€g" h;b:ta.Sl bulunuz ki , ::
FreN—R , g _ 17 | B

X = f(x) = Z:‘Ed(x, Ak fonkéldanu mimbkin olsn e b@ut b
dejeri alsin. , |

d2Mz) =21t =<Y2Z ¥Z2>

Y2 =Yx4+X2 | (lafinB2.) f(RR)=PR .
Nz ! : L) —
V= -x/ de _
— — =) 4

a2(v,2) = <Y2, 7 S {5z - XY, X2 =X >

—y

—<><z NSt N2, XY >t~ XY,

p;
= (R X2+, XYy = 2 KXY, 52D

l
nlo
l

= d2(Y) 1 di(X,2) = 24X7, X2 7
ol '%ﬁ% o X ABDE n}'?n.nmj@e y 13
: h 4G #,A(x/v),a()i;z).e,\se

d2(¥i2) = d¥(X,¥) +d 2 (x,2) =2d(x.¥). d(x;Z) 0



| 3r:
o £ A T b
2~ TP, Py PR ] E3 de Belid satisidin Eseri o fiifote fobs §

ve ktdr lumest RS Oa bir ortonormal bazt fse 'ZPO/'DU‘OZ,P& 3
kumesi €° bn 8llid gatisidir.
7
<Po f{, PoPJ‘> i St'\)'

45423
1 =75=1 olsvn. (Fqu,Paﬁ? = || Papy Il

I\o

o P = (co3©2 2803, cos@1 SIn@3 +3in@15in 0, SB8OY , SinO(SiNB3 —
— <0364 S{nB2 60593) i
Il P;é II* =A(CA95962C-0&16$ + Cos%,SMQeg + 2 cas®y sinelsineztoS?éa
+ sln2@)Sin2@2 Sihdz + sin?@rsinteg — 2 Sindl cs ©1 Sin ©2
SOy taxniegsinie, 3203 )
= 30,0036 -+ sint©y t Sin202 cos O3
= Oatsiney =1
el = [l Fabs )%= 1
B, Pk > =< Potr, botr> = <ok 1By D =
LPobi,fofs, Pafs 3 RE Sn bir ortonormel baz /zPo,Pl,f’z,ffjoUld gatindd.
3- gr"a,f’/,-._,f’n} Sulid gatig venhyo/‘.,
Po Z Rl ﬁ—(ahéu»w/a’O

saylvma A noitasima boorclmaHa’a des il

oA = &o(’oﬁ f&gfo et "’anfof)ﬁ seklinde \yaénhﬁ

FJE:?? b( PoP{ (bhbz,--., bn)
d(A,8) =l A‘%” Poﬁ FoA ‘f’ﬂ@
=l L AR = Fob— A e
= o8 — FaA
A ! At (g
= 2 bt — = alfo bl ) IAR) =(<AG,AR D"
— N ‘ ' i

f { 1 =4

AR &= = (b["é(') Fo P!

t =¢

] ¢ t {)- 1 13 4
() (A s Pi ) 2 (ty-a ot 7)™



A
== (bl"‘éf)(y’éj) (Poft’/PoPJ> Z‘j olmal(

11’1 J=1 (75 ite O olun
A : : | Sifular Letmayiz

j}g (oi01) (0 ~2)) 51}

=

N

= = (bi-a)? (Evelid vzsllie formili.)
=1 !

4~ fo=(1,1) ﬁ:(zlz) ,sz-‘,(—-\?,"a')
fofi = (1,0 #aPa =(=4,4)

(fo c/Q—p_taz Y =l r4h4! 20 O({o‘}o/)al {obat birim dgfﬂéh‘n

I f%—f;cﬂ =z #1 oldjgndar  ortonormal gati J.gfl'ld:'r

V4

e B(Xery2) Pl = X2 Fof( t Y2 f’on

Lt 5 €1
Fo f

o (#,8) = ||AG || = <AL, AR>S

AE = Fol = Foh ‘(Xz—XOf’ol’f+(3z—;j;)f’of2”_

GBS = XY+ (garyidPabr Sax0 oA, Hyo=y1)Po e.> |
® (Xz—Xt)zq”oﬁi/ foby > +0 t 0 +(Y2-91)*° <P°P2/P0Pz> ,

= 2 (=) 2132 (Ya-9) % |
d(a8) "1[2()(2-){’).'{132(32.-3()2 : (6"/.))'& UzaUB'l dgf”dff‘.)

S= Au=(31k/B2k - jane ), 1SL€N  XEEN kin,

X=(Xy Xz -- /x,\) koor dinatlardir.

fefN—R . f(X)= %d?(x,/g) =d x.m)+dN, Az>+ +d (XA )

’f(Yq;XZ/..,,)(n) = f(X)
A0 = lix,Ad? = zm Xi)?

i n
(X) ,'F()a,)(g, L oial) = E (ad1- -Xi)* ‘I'E (aia=xp)*t L. ’“,‘éf (aik dy 519
" {.‘ ]

f)“:‘O =>‘2(6‘-H—X4)+2(8cz Xo )+ ..‘+2(a,u¢ X{) 0
=0

. L=y = Sutdiar-. tadk
. = ¢ , K= k
£xn =0 \

1 A (xuwy) FOA Xffcfl“’ygpof’z »(Xu&(z)

2

{ —
) e L

| S (——

¢ A S B e T

|

i i = / / Jj

|

drifebtiesting

T 4wt T T T =T T

i

|

\ S



£(x2)=0 =—2 (31 =X2) t2 (822 ~X2)t---+2(a2e-X2 ) =0 315
! ‘ ‘ ' . { : :

[ =) Xz; S tdz24-..1820
{ ‘ { k J

J | ;

'F(X‘n)fo =) Xp= ANtan2t---tank
3

Ealart | ¢ "
X7 (Xt,%2/..., Xn) =(,é Mt ) Z02lye-., E am’)i"
(= (=1 e=/

X1 £z
A=(fxixj)nxa = [ 2L O---. O
(e [ F 5

&0l L LIy

P(2) , A nin karah-éen'\stik polenomy olmal  (zere ,
0 Tim lkayakteristile &Sie}laf;(ki maéh&sn’nid} >0 ise Mi/),‘m@,
20 <O ise maksimum , ]
g° =olise bn‘m@ sﬂd\enemez, (ﬁf)'f’hebi durum,)
4° (=) ve (+) oOlaat versa bu noktada ekstremum yoltur:
1. am * (Do‘fefé/)s@alle/;ebih'r Fonksiyon ) ' | X
EV de bir Qgik kime U omak U2ere  bic
£4 ;):f\[ﬁx) reel degerli fonks lyonu verilsing X=(Xi/Xz -~ ,Xn)
oldugundan fX)=F(X1X24... Xa) olur
f ain k=inct motebeye kadar (& dahil ) +im lsmi tlrevleri
surell! Ise § forkSigonu k—incl mertebeden d;'{cransbel/@eb}h'f
dem’r.(\/e\ya kisaca , “-F \ '.foa‘ksyanul w@@ﬂr o denir. )

Orpel y £+ EL—IIR § .
(ay) — fluy)= XY ct, kel

(tbm mertebelerden tlrevlesebilir, d.’{ersﬂsijal!enebmr.)
ctum) = {£2 £ U%;fr}? IR ,b..elkl’_g> Limesini terimlgyalim.
=> £eck (u,R) | |
2. Tamm - Ozel olarék U bzerinde tamumh bir £ {“onb.si&onu Sadece
stretli ise €2 snfindsrdr, denit = £&C°(u,R)
3. Team ? Fec‘(u,;fa) (f foalksiponu Ve 1. mertebeden lasmi Lirev -

leri var ve sireld) isel f/ye bir ©O-Fform demr.



___/,_‘4

£

&Ta« : Tom. metebeden tireviesebilen bic forlksiyond =i < snifindaadhr,
derir. = (0R) =5 f1 fec(ur), YLEI

Koordinat F'ooloonal ar:

|
——
1

I

|

| b i
e et )

eN de bir notta p e p- (PuPaye.., Pr)SE" olsun.
Bit (X,X2)...,Xa) koordinat sistemi segersete ;

Ky BN e iR
P "——_>X4(P) Xl(ﬁ/loz/-,-/fﬂ) Py

} Q'—‘(‘h,qz,.,.,%) =) X({(@)= f
X/e €" de l-indi Loordinat fonlsiyony deair.

> R
> X2 ()= Xz(Pufz/--_,Pf\) P2

X+ EN
P

X2'ye EN de 2-nei koordinat f‘onksuonu dzu'l‘

Benzer Se!u'lde. ;

ALt g N R SN
P — Xi(P) = i ‘

Xt'ye EMde i-inci toordinat forksljom denirs I
€3¢ Xi loordinat fonkslyenlannn ismi +irevier] wesa '(t-mc:
mestebeye Ladar ) XiccY(en R)

XL ,5' (ga 4 veyas Slf:fch(‘.)
aXJ Leel ]

Foakonnla-:n D.Fera«sxdelmebdmedl
V< EN bir Aaglle kime plsvn. ) ds bir »fon&dtdon/

F:y > EM FS(P(/PL/_“/PA}
P —> F(P)=Q= (‘h,%, .,9m)

F(,O) :(f‘((f’))‘fz(f’)/-u/ﬁ" [P))

£ P > ()= Yy U8
fiz U —> R 4 (‘z.P——‘>fz(P) Rotsodal dol o Lol | | Lo
F Y — 1R |

P ——>£m(P)= Im

(@e1r)
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Tonmi Tim £ 10 —2IR  boatdinat fonksiyonlart; ck

Pt .
Sintfindanr ise [ﬂ'e—C"‘((FJ/}R)] F’ye. c¥ sinfindsadir denir,
Fec (U, €M) selklinde gdsterilin

érnek// F:e3 —ES
P=(Xyr2) — F(P)= Fluy.2)=(¥%yz,xy) =(file) £2(¢), L3(pY

& =(@1,92,93) N, ﬂ,fufg66753/63)5ﬁ(f)=ﬂ(x,j,z):x2
Ll A gf}(f’)’; fz(x1y)2) =92
F(@)=(%? %2433, 91-92) ‘ fa(p)=falny2)= Xy
P= (1,-2,0) = F(P)=(12,2).0,1.(-2)= (1,0,-2)
R=(-3,4,3) => F’(Q)= ((’3)1/ 143}, (—J).f)-:(‘?/ 3,"’3)

5(06'4// Y tg2—g3
(L) — PYU,)= (V2-y 2uy, Us)

W(0,9)= (ﬂ(ul\ﬂ)/fZ(U:&)/ ‘f@(&‘-@)
filu )= 02=w? , f2(yu)=20u, f2(yu) =yl
fin€ —r3R: | ®ifpfaifi & CT(EIR) s

= Ye ™ (e%€e3)

Tanm : (Diffeomorfizm) *
EM de i agle kime U ve \ osun, Y:10—>V foahsbzonu
- verilsin.
1- Yeck,v) ,
2- \p°fec:k(v,u) ise Y fonksiyonu ,U ile V arasinda bir
dif¢eomorfizm ‘dir denif, U ile V sgik Lkimeleri da’ffeoméff{&-
ticlec denif.

érnel«.// Y:gt——sg? = WYX, = (Xlexz‘f‘)(z/X/éx?‘Xz)
X=0l %) — P (X) " on

P nin bir dif feomorfiam. oldyjunn gosterelim .
1) fllaN)= (xieX%xe) ; f2(ux)=(Heft-xz)
= fifaecT (ELR) = Yec™(e4e?) din



2°):-\»/1=1 air. V(Xq,Xz)/(m,yq)éE TR

WXJAXZ)' (l_’g_z) =)(X¢e +Xa 7 Xt "Y2> (Hlesl'fyzdle —yz>
gy

—> yieXttx, =y’ 2iya A XjeXt-v, =yje 2-—31 (toplarsat )
=) 2%=29ya2 A XieX— x, = Y1ed% -y, |

o Xazga A NeXi-xa=yrelt_y?

=) Xe=yYz2 A X=yp T (%1 X2)=(y1:92) y ‘

¢ Brden dir, V(&uy,_) 652/ (P(Yllh)-‘-@l/gz) olsr (i V)eE?
var midu.Batkalim, i

=5 (ye*t+ X2, XreXt =X, )= (&uya) =y (xX1,%2)
=) Xex2)= Y (grye) = (iz—g_-gle&'z"iﬁ‘ y &'é&) Y

Y-lec=(ere?) | (Va ™ smfinda tirevlere i)

Sonvg : PrE2—€e? forksiynu C2swifudar bir diffeamarfizmdir,
Temm ! (Merita = oordinat Lomsulygw ) ?

M bir 0 =boyutly topolojil Mmanifold olsue. M ain dgile
kuv\elefmdm kirist W\Ie, \Xl:,. eN deli bir a;\ga eﬁ’e\je/)
howeomorfiam Y olsun.

Y:Ucelf—= we

fn
(YY) ililisie ,M de bir koordinat kamsulgu weya hesita dealr.-!

: / (Stereogr&{:.t 2dUsim )

Taaim | (Atlas = Loordinet Komplyu Sistemi) ¢
M, n—boyutly topolofil ménl'fold olsun. M nin bir agie Brtdsd
VU7 = ) U s XET ,(I indis kbuesi ) ver iliyer.
| J

U ‘gt E" deli bir agga Lersilik getirer hoveomorfiam

S

4

f—froe—ef——f—f——
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Y olsune (Yo, Un) haritalarinm ;3§ (Yu,0)d = § (Yo, U) * X ET T

Limeler ailesine M nin bir atlasidenirs 3
20-10.9 S )cumA
Diferansiyellerebilic Manifold

I
M, 0 =boyutlu bir topolojie marifold olsun.

(oo, W) ve (Wp,wg) tlilerini alahm. Wa Wg X

Sl al (TR Y

S Wl (WaNwg )

Pax = P70 Yo, Pup= Yo yp

boo = W67lo Yo # P (Wbl ) — YT (Weefh g )

Pup= W0 Pp * Yo (Wanwp) = Yp! (Wen wg)

Toam @ (Biferansiyeliere bilir Yapi ) ¢ '

M, n-boyutly bir topolojit  manifold olsun. M ‘ain bir
atlasi , ~S=f(%<, W) {wes olsun. Efer bu S atlas lgin
Wx NWg #@ olmal (zere Y xR €T jgin elde e dilen
_@'.4‘5 ve Pan fontsfdonlar: ck sm:{mdaq cifersnsivelleretilir
iseler Sye c* smfndan di fersrsigellene bilirdic  denir.

8 toktirde S atlasna da ,M Jzerinde €% simifindsn bir
diferansjyellenesbilic Yspr clenir.
Teum : (bifersrsivellerebilic Merifold )

Uzerinde bir cl‘ifefansyellenebih‘f‘ Yapr taaumlenza  n—boyutly

topolgjil  menifolda , n—beyutlu bir diferarsiyelierbilir  msrifold

denir.



Ormnek V ¥ €2 de &' merles bé§)603|c, noletasinda
; olag birim ‘gember ohksun,

> j P
! 3 | * i# -+ > N i | e
LSTAS FElIE AL L LS X A»-»":’-'j-lo".- ESSFEAN |

2= |
P(CQSU,S;nU)

Ws=§(xm>l X est A xado 2 Ust yarm quber..v
Wy § (X)) xnes! A %<of  alt

P S

—

g = ?(XUXJ’ X1, X2€8' A Xiv0 | sag MM
Wy= $00X2)] i xeeSTA x<o d oLl L4 | ¥
WoWz=¢ Wil FG Ny + ¢ Wanuig ¢ Wy Ny # P
W YW, U W U W = S
Ty, W wls, Wy § Wlimeler allesi s'in agile Srtdsidlir.

Pl s wyp —> T <R
(i) —> Yrllima) =y = cosy T={x; ) neR A=1<xi<4 ]

gl s Wy = TSR
(Xix2) — Wy '(Xn,)(z) X = coSu

P~ ve P;' . homeomorfiav ve Adrevlesebili.

-y

q) " :‘ w& chlk x_?-.l;.—.e
3 b
(X)) — wl"'(X'Yz)= Xz = siny o= {Xa ) X2€18 A ”|<X2<{}

P! T wg — TSI
(X1X2) = Pg” '(%,%2) = X2 = sinv

;! Ve g InoMeoMorf.zM ve éufevle/)eb:l:r

G, W /‘Us / \PQ" hoMeomof‘f:wdcdef (51 in bir atles1 S ise)
S = ?(kpg,uh) (wz/UJz) (Ws;ws)/(\pwwﬁj S‘m &Haand:r

heita
WD W3 =§- (X),%a) * (Xuxz)e:-s‘ A x>0 A >(2>o\3S
: Gat + Diz fonksidonlaer taum lgyahm. - ' 3 oo
Bia=VlolVa - Ba=Vs'o Py i

Bar= 05 0 Wy 5 W7 (wnowz) — o (Win W)
X¢=> S (x1) = (% lo Y1) (X1)

4

|

—— =
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= Y37 (W) = X2+ bu forkes iyon threvlerebilirdir. (o <xi<1) |

Xo= £00) = X124 %22 =] =3 (Xpo= d=x, 2
=) X2 FFNL-Xg2 = X, =V 102

FadXe ||| Xy =) X;={ de 4taum) el
d X {-y2 =8

a1, P2g s @/4, D a2, @4,:,@42 ve Ezz, fonkswonlan
clnferan@delle/\e,bahrdm
S5 ?(Q’d;‘”x)fue £112,3,4] S uze,rmc(z dffefmswe”meb:hr \jololdll‘.
(c snfindaadin) ! bir d,{efawé@el Mevnfolddur (1- bo\yutludur>
(2 boyotln Bllid uzqydali gember, | bodu-t/u /Vlamfo!ddur:) |
(31 1 % " kire 2 W D
Brnev(c// s"';'{‘x = (Xc/ )(2) ”.;/me;m): kéEh*’A %' Xiz F r"fCE/‘H

Lomesine n- bo\\jutlu kire de/»ir.

-

33 .
;)’

227 X=X, X, %) xEBS A, 2 >(¢ Eifce—i ku/ﬂem/\e,
2—6@&&&) kore denir. |
S'=0X = (i xa) : Xe€2 A l,% x,'?‘2 = x2x2=r2fcEr Livesine
e e@uuu Bulid toaginds 1-bowtly bire denic
=8 P=(Xy ey s darvr) = PES" A Xi>0 ; 1508 rmj
Lomesini £aamladahm (Gu wna ot tawe Yym aqik kire tarmler.
Positif yarm bitedit. X{ >0 oldyjwiden koordinat e lseni leerindelt ici
noktaler dshil olmagacat setilde poaitif yanm agik kilre . )
T=0R= (Xy Xy mans x,,,,) QRES"A Xi< 0 5 AS{ <t §

Uegauf yormn asik klredin
> &gl yover.

W /UJ{ - = B(O,l’) = 2(80132/——-,\‘1/\) é .94‘2 <r2:‘7

Ofn

N boyy tly uuyda/u (pout\f darm Al kured_g\ ) N boyutlu
U2&33.>



Yt e 0p ——= s (0r) =¢(yngz 5+, Yn) j% *&?2<"2f

‘fon‘bsgon!mm (X0 X2y e, Xi=1- 2 XEyXett 7 == ) Xny Xand )——) ntl

boyv tly uza\ydalu‘ nottalyrdsn — (X;,Xz,_-.,x.'.:, Y(’u/u/Xn,H)

(n bowtly vzay dakl anaI&@.) =y : 2% : C

 X{ nokka gikanilavat 7“(3:;31;---"/ yn‘) i

3. bileseni svfir olan fonksyon'lya, (x,\y,o)% (xy) oleale

\385&129«‘1:‘ orvz.{(xyg,o)’daa (tey) Yye 141 ve Sréen foalsjyan

Olus tursbildi §imiz 1sin } nH émdutlu w2ayde (91 Yosmney ‘9,,)

olaral gasterm’ yepilabilir |

Bre=Yg'o Yu —[<x&n , =1 L BN

{on.lz..‘syonu tanmilziabilic, bonlar diferansiyellene bilir . Ool%ymu)a

S", n-boyutly Lire diferansjyellesebilic bir manifolddur.
Tagjort  Veltérleri | 1

a—- Yere BagliOlaa Veltorler ¢

a6, doFrultusy , bUydlq§l ve y / [
baglotglg noktas belli olan veltorler. P s esit dejiller L

b~ Yee Bl Olmayar Veltsrler. 2
. Y 4 —)

P 2 enter N
Q

Tonm :_(Tanjant Velekset): Rir V. veltdr vzayi ile birleser afin
vzay A olsun. PEA ve WEV igin (“ﬁiﬁu?g{""”"‘“‘” 5

A afin uzadl/)m ,P aolkkasindali bir tarfast veltord diyoruz.

ML W a
V=fg QeA g/

P
‘REA noldast ve BeV veltard alinirsa (R,_\—SD tangan ¢

Velkbrd tanmlamr, [l tauma gre ;Veltsrl , yere bgph oloat
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tumlarssk ,P moltasindali W ile R noltasindali & velbtdrd

-
birbirinder ' farlelidir:! Sembolil olarak ; (P, Q) = Wp 4agaut veltdr)
R®) =g dir

Togart Jewtdrleinde Esithle =

=4

Tp ,\F)g iki taqjant mkt&fd olsular. W YL ke
Tﬁ)p =Wy 4==)(P=£ A —@;f- Jg) 6t sedte . Ny
ise tarjant veltorleri esittin Togart velctdrlering yere bg:‘h
olyal farzedecefiz. Aima bozen ,yere bl olmayen teryant
elctbrlerini Labul edebilecefiz. Simdilik jtaprart veltsr, yere
ba%h olay Yeltérdir e
Ornel ;) €% de P=(14/3) noltast Ve W(213,2) veltéd veriliyor
(P/ﬁ)-fﬁp tajant Weltdrdnb boluaba. oL Ui Q=+ &
0p = 0F+F
O-Q) = (14,3)1(2,9,2).

5&-’*(3/‘“5)

x V ¥ ) ¢ A d ¥ 3

(P F) tagamt veltdrs (1149 noktasindar 9(3,4/5)

nok tastha SIAM ue,lcégréi';r.// | Q2.!0.95/Paz&r.
A afin u'éaj,;nn bir p ok tasndaki £om tanyant veltdr -

lecinin kdmesi Ta(® olsua.
TalP) =7 (p,0): GeVA PeA (bir 4ok nokta) { = JPIXV
(P L) = Wp ile 7{)&5136’66-@3)‘2 ; !
TA® Le Islemler ¢
I- Toplema ;§|ch;’ @ : Ta(P) X Tple) — Ta |
[(e0), (p,TY— (p3) @(rT) = (¢, U+ )
' A ]

—) A
-

\Veya (.U}p/-@) -3 Up +_\§-;> = (T+0)p 0 - \
sellnde tormlsmar jsleve , toplava iflenl dealr. \/\?
P



T - Skalerle Garpvay o © 2 IR X Ta® ——> T4 .
AV [(e8)] — 20 (¢;8) = (£)
1 veya (?,-@’p) o g Y, ¥ O) W; ’-‘(';\_@)p

seklinde tarmlaman Tyleme skalerle Garpma igleni denin
Teorem: ZTA<P)/@/(R/+ ,-),@3 yapwst bir velktor uzadachr.
2 oyl (Tad€ 3 veir Abel 9rubudur
® islemi ; kapalihik , ‘dej\',sme)bin/egm‘e\, birim elenar , tery elemas
o lhllen vardir.
a=apslik Ozlliji; vardir:
b= Dejisme daellisi; Up@p = (Tr®)p=(T+0)p =Tp@0p .
e~ tirlepne Bealigi ; (Up@Up) 0 Wp = (Urd)p @)
=[([@3)+D1p = LO+@+W)]p = Up® (Trol)e.
= _0706 (‘@peﬁe) .
a- B eleman ;4B €T fsin
¥ Dep =ch@ Up =0 105 Ep € Tp®4vor midic 1.
D@5 =Up = (T+3)p=Up =2(p, 9+2) =(¢,7)
=012 =0 = =0 |
= Ep=0p =(p,T) e Ta® .
e~Ters Elevan Wp@@ =U),o£@; \=é-,3=(_)? [ 0L —U—;=?
Gp00p =0p = (9+u)p =0p => T+T =T =) U=
=) (-d)p ters elemanrd.
Oyle ise (TP, ®) bir abel grubudur.
3‘3‘,9_',_‘“{,‘?‘_‘.' (IR, +,s) bir cisin midir ?
Folyak, O R X Tal®) — T4 (P)
2) YAER A ¥Up, e TalP) isin,
20 (U%fW)l('A@U”E)w(a 0Tp)



ispat ) 2O (0p+8p) = 20(T+T)p =La(0+id)e] %8
=00 200 = (0 000N = (OVR)® (20Tp)
) Yom ek Ay TpeTa® , (atm) 00 =(200p)@ (6Up) 1
c) VAmER A v T Ta® , 20 (o) =On)oTs = 6(20T) 7
d) 100p=Up 1
Sonug olwat {Ta®, @, (R,+, )03 bitk veliteR abdr
Tanum * ?Tﬁ(f’), 6,(!@‘,-#,-),03 -Vek'bﬁn-,i*uza\f]m& ‘A afin v2aYgNn
PEA noktasmdalu TANIANT UzAYLl denir
Sembolik olvak TAP e 33sterilfn
Ol olwak A=ED almrsa (A afir gati yesine ; = boyutly
Blelid  vzay almu‘iﬁa) bir pEE" noltasindali) tayart V28l
"l’el\(‘b ) le dgsteri'-!inz
£3er A afin vzayinds bir gati, {Po,P1,-.-, Pn§ ise WpeA igin
foP Veltdrt by gatiya gore Fo??;% €. PoP( Fellinde tele il
s2lir. 8u sebilde elde edilen Op = Fop igin +(2, 9. L5 %)
katsaylarna [ tagaat velkdrldnin - {Po,Pl, ... ,Pal ‘gatdina
ore Loordinatla diyorvz: ) | |

Boplarpis noktasi Ofogin) @lan' Ten(®): nin  Stardart bazs

2“0 = (o noltasindaki 2 ‘Ve&wrb’) =(1,0,0,...,0) )o o el
Sle=(p v - AR E Kéilo |
ele =(0,],0, .. /O>L

Sl = (00,1,0,L. L oMbty ok skl B [ 3010k Lgp) )0

=) bunla) Sembol olaral , ! Q)

i o g ile 98st 2.
X }O ’ dXx2 'o =~ /.6%_[\,0 7 I éfecglz

iz A (0F) (8=t e orn dret



Brhel ) Edde P=(0,21) noktasi ve! kS de il veltér
‘@”=(c,2,3)‘ ve U=(-2,3,4) olsva.
20h - 3Up =(8)p +(-30)p = (20-3W) p
=[=6¢,6,8)p +(=3,-6,~9¢p = (-2,0, -l)p y
slemlerde p nolktasinn herhargi Bic forle§iyonu Yoltur
Veltor Alem
€" de bir X veltor alanl’ diye YP€EE” toktasma birt il
Xp € TenP)  Hayyant veltordny Larsiik getiren bir X

less i
fon Siyonuna deair. cgN—> () Tenl®)

% X 2 vpee® A
. P/ / P —> X(P)=Xp
@

X'i bir Veltor Wole‘zsidonu darak dUsunebiliciz, Her noktaya
bir veltdr Largiht getirin
M‘Zf_ $ ki
EN deln tim veltor alalari kimesiai ’l/I/—LE”) ile gésterelim.
VxR (€N igins Xi€N—— U Tedl®)
P —— x(P)=Xp =(PX)
YEY(EM igins X ’En'—""Pé\gﬂTeﬂ(P) 1
, P —— y(e)=Ye =(6,7)
Toplama @ (XY )E) = Xee) T Y(P) =7}=+7}3 dir.
Teorem : ('Ll—(E“), 6) bie abeldrubodur.
Skalerle Garpma,® = R X Y(EN) > Y(EN)  iplemi YPEE isin,
(alx) == 26X

(Aox)@e) = AX()= AXp  din
- sha fonksigon



. : 8217
Nektor Alanlarinin Fonlesjyon Jarla -Garpwat = NE3OV |F danal

X3 En—-—ﬁ U TEA(P) f; E".——-))& )
peEN Ve \vest h‘& or
P — x(p)=%p pakirt—a fife)
veu%a\{‘onucym - | skaler’ fonksiyoa

Veee” igin , (FX)(P)= £(P) X () =—F(P).7?> sellinde taamli
(FX) foresiyonna ;X velekdr slamain ,f forksiyory e garpimi desir.

fu&"ﬁ:_}% L= f )0 = RO+ 9(x)
X

Yy — fy) {i= (f9)6) = F0(x)
{“’(-g—)(x)= £(x) By 9x)F O )

I
n-fsp2,¢ ¥l
R ©of)x) =9(f0) € ¢

Teorem * E UEN,®, (IR, 1)), O,Z _ bir vektor :uzaj.du-'.
Taam * Bu veletor v2ay; WHEN) ile gesterilit ve . €N deli.
veltor dlanlarinn uzayt denit.

"Iavmm-ft e de, ey veltdr alant; e €Y () ;i

el(P)"‘_e—;,P: (’/O/-.- IO) "o 'I(‘Q 0‘0'5"2};”/‘.

e g —r-——>re(gﬁren(f) K L X
HE=S T ] AERIESIN IR IDEY ES N T
ex velddr alan e, € Y(eM) ,
e (r) =27 lp :(OI{/O/;"/O),’P/ — 2 = epveltor ialan en € Wen)
e —_ealP) =@ lp=(0,0,—--01)]p |
letieo)---yer§ =Z§ax',' A"é%?"z A ’;%‘Q\?j{)ﬁﬁveetm g’a';idﬁfie‘ﬂ'g

velt8r alanlar kimesine )
EN deld dofal baz  alant <eniry
—— [glp,ilps- .-, Bde J Kbmesi, Tenee) nia eir

ertonormal 6a2,dir.



_TQM_. YeeEe Isin ,?; oyt velktort alalm. _
fé_”f’/?z,f/ --- /a’pf dogal  benr cinsinder  ;
Yo = = vil)eile

olarak  yazilabilin Y¢ 2 EN—R

31 —3 Y ( Yp ) =
lwofdmaf 'Foﬂk leri.

= YP=(;__% 3560(*’) =Y =¢'=2: yiei g
= y;: " e fmksyonlarnna YEU (EN) Veltor dlarinin
oklid_Loordinat fonksiyonlart  denir.

Y={% Yiei =Yietyrezt---. tyren Veya

 =(Ynges---yn)  sellinde ifade ediir
bk, U=f(0,9) ¢ u2492 <9 A y9er( <€? dbun.

IXiXed koordinat Sistenine gafe

X =X Xz e 3 (24X )ez = XiXa Sy, ax; T8 (xy fxl)aXz : daphaT

\/eUc"r alaa Vefl’dof‘” P=(1,2) €V 0.0.

= X(p) tagart veltorunl bulvp Vel )
3&9%‘5(/13 G fzin.
T =ﬁX (P) = (’ﬂz*:% ";3(Xg"-f)(z°)‘§jh 'F) > P
- x,(p)xz(f)ex +3(x.2(r>+x£*(e)§7z‘ S
Slale P SR

fonh&oow \/eld.éf 8'341 foh't&\gol\u

= 40l 9J+3(h~4) & L
=22l 158, lp 1, : .
_ Senzes sebilde 4 0 =(0,0) => X(0)=¥5 = 0o
Q=(o=1) = ¥g = 3&
R=(2,-1) = X =-28+I5€;

s= (2,0) = Xs=12%)



‘ 32¢
B2 de bay) veltdr alalar ¢
Q) — 5 ) s
3 > 3 Pasalel veltd &lem
b) T c)

— — & ' — — —
r§ddal ' 1, Tget velktor alsai
velitor alan |

G embesin normal
velktor alaat

Taam @ (Y6ne Gére Tirev) *
f, €N de tanmh diferssijellerebilir reel degerli bir fmk&\ym
oksvn. Ysai 0 s ’E“ﬁﬂi—ﬂR
P.=(Puleye..,Pr) ——> £(P) =f-( Prife,cckiiPn) s

FEEN ve Vp € Tenl) olsuns Np [£] = 5¢ £ (e16V) L
EN de bir noute

poite fagort k.
reel Sayisina A fin W tagart veltod) ydnindeki tirevi denir.
brnek ;; ESde P=(1,1,0) noktast ve ¥ =(1,0,-3) veltdrd ve
£=X"92  fonksiyons veriliyor. £ nin Ve targart veltdri
Ydindeti tirevi, V[l nedic ? ;.__'L, 2
(- P&V = (11,0) t+(1,0,-3) = (£+1, 1,-3¢) JEIR
i~ F(P1EV) =t 1, -38) = (f11)%1.(-3¢) = ’—st(nt)i
i - if_ﬂ’_fiﬁ_ < ~3(1+t)2-3¢, 2(«%) = Bl =5 F(P“V)!em
Velfl=-3 , <3
Ornel J f:eN—>»p , =(Xux2,—;;/Xn) =LF(X)

£0¢) = (X Xayn.p Xn) = Xp X2 4 X35 +X0 S forksjyonw veriliyof.



P= (11,01 -1 0) ve U= (I)l--r, 1) &R veriliyor. VpLf]=)
P4V = (110,0,- 15 o) et (Ao, 1) = (14,04 E, £y t)

£(PreV) = F(11¢ 14,4y pt) = (1+4)2+¢ 2 +48 -

é_‘giﬁlﬁ__) = 2(tre)ret vk = Ppll=2

-

6["1@.‘(.// f=EA——)lﬁ X:(X'/XZ/.--/ XI)) ,aélf
X — f(x) = 2 =s8bit

fonlesiyonw / P=(PyP2,-..,Pn) Noktas S VB=(01,0;,...90) vettss
Vef"{jbf V‘o 51 =012 | \
PHEV = (RPajmnnsPa) T (94 Uayn i, 80) = (RHEQ,, Povly -, Pat £100)
f(“w) ='F(PH+U!/P1+4:\92 J=en PnH\ﬂn) =a
df(PttV) g Af(PitV) | =0 Velf]l=0
dt ot +=9

Teorem : Vf(\ln\!z,‘.. ,V/‘n) e’ , P= (PUPZI---/ 2y €E" ve
f:e"— R bir diferusigellercbilic fonksiyon olsua.
Vel = 2 Vi 2L () = <V, T |
i=1 0 Xi

?f=(§§' ,séx_f; axh) (£ ain 3raah'en+:')
Togart veltdrle, gradient degesinin iq qarpmi ) torpert
vektory ydnindeki Lirevi Verir.
ispat PHeV = (PrsPo oo, Pa) +4 (Vi V2)enny Vi)
=Pi4e\y, CatdVy ... Pattln
( _?‘J_l E/KTI-) / o )

= FP+4V) =i, Xeso- ) Xn) £ =Pty om, Xa= r 4T
- Ci’f‘(Pf'f.\‘I)): of 34 3f d¥% __+__'L dXn

d+ Xy Jdt X2 cl-t O¥Xn Jt
e OF Vg Ll i‘f_ V |
6X4 A 6)(2 2 + N

f=f(><n,><z,-..,‘n) Xi= P tiVi <=I,2,--_,n



= \p[] = é.ﬂ&f’_;:.ﬂl A = %-(P,,@:%Pn) Vit BE (- )t

ol 2 e ) Vi

- .-

%f‘(P) Vi <_\7P /_ﬁ‘ﬂf) =<7;—V-)f‘> 'F

.‘1N\>

aw@é—mx S Oy 3 )
= (\9”'0/‘9 '? / "&l—w

W
i< \f/Vf) ,f "'i ‘6% () Vi = f[fj V)

Stnck , Fiedm—rRE | | T
£l0yi2) =X3Y2 fonlccyo/)uw/) P(11,0) noktasindalki
W(ho,—z) Yénindeli threvini' bulvnvz. " T/;[f3=? /
Ve=($ 4 3y’ 55) = (22 ,x%=,x%)
VNP = (o,o,l) Vﬁsz‘(ho,-ﬁ?) \ P
V) =< Ve O, > =0
5de\/// Mceki Sordla &jhl Yol ile o2 .
Teorem * f:E" —R Ve g EN—> R difeansiyellenebilir
{onk&i&on)ar olsunlar. Ypee”", V@p /U)f e'fgn(f)/a,be IR igin ,
a- (8Upte Up)[f)=a Uplrl+b Up[F] lineorhil - 2. (R~ lineesit)
b~ Wplaftogd=alp[eJ+ bWplad -« =« (f=lineerliL)
c- \T}[{.@]":(\ﬂp [f])g(P)-!-f{f)(@p[gJ)? Lejbpiz luralt .
ispat,, a - w,o,U'}e'rgn(P) ve Ya,be R igin - 344.95 Jcumn
(3G, 1b0p ) [£] = &_\BPL‘M +b0p[£] |
n- boyu tlo - 8llid uzaJmAa P=(P1)Pyy-e., Pr ) Clsun, Ve
¥= (94, 92---) Wa), =iy W, o, ,Un) olswmlar
a1 6V =a( 8,9 ,...,Un) + b( 00,2, Un)
= E0eb01; aberblis o aUn +bUn)

= (30P "'bUP)Ef] 4 i | (ﬁ\g("”)U[) =(a‘@ i’bU' /—Vﬁ‘f\>l,o



D3
>
I

=> (a8 +60e) L1 = & Vo Lf) +6 UpLr] | !
N f /i Up ydnindeld turevi,

O halde yotre 3é’re tirev  IR= lineerdir. (Reel séy:)ar kumey)
wmda lmwhk czelligi Vafdm)
,oat//b— abélk, @pETen(P) / f/& i"_:’*fl(f) olsun.

, ~ R 5/)- Fiplen ]t font.lar.
Yo Eéf+b3] = aVplf]+b¥p 533

Gradiert fonksiyonuwn ozell@mdm yafar)awa& IS'DQ{‘/an“M
Ve Laftbg] = <V, v(af+b3)>]p
V (aftbg) = (ax ’ééx'z’ /3%‘-3) af+63)

'[-ai (af+63), (afﬂ:j),...)ax (a-f+b3)]

=(_ai,+b_; @_f.+b_.1+ 4oy 3:)
QXA XY o X2 QX

)+ (b;)—xﬂ; +ba_.§.+. +5£>ﬁ.>

( ._‘E-‘QL . ,aéf

9X) XA
?(&f’rbj)— avf +b% (3radim{- fonksiyons lineerdir. ) -
=) \y'o[affbgj <V/&fob7\3>)r
= KV, ST t< IV, bV > s
=al VT2 o+ o<V, To > lp
=a Vp L€l + o Vp [o]
O nalde yene gére tirey f-lineerdir. ( fonksijoplar: Uzesinde
hneerlile 32.2"»‘5»' vardir. )
pat c — .\%GTEA(P), fi9 reel  degerli fonlksiyonler olsun,
Up Tfal = (BpLed)a(e) +.£(r) (T LoJ)



N - = :
£ ﬁg(-?llp N =< W T (£,

Velfyl=

[3"— P 3(P)+f(P X,.I,J B

= '[——ﬁl o(P) i + £ 22| ui]

|
N\ > W
3 %
R
o
=
o
4
>
-—\-)
:P

| B
A
=(Z §£l )3(P)+F(f)(2, ar' \9:)

=(T 161D a(e) + f(P)( 9pLa])

ha) \9,0 ve Wtory cjn/hhcit \9711‘4

333

turer-

8u ise Leibaiz buralim Verir,
Tanun’  (Velddr Alor Ydninde Tirev)
XE ’\Q—(E”) ve fec(e",;@) olsun.
E” de tanmlznan v;ictor alarleriain  Liresi'.

her b rz.okféja bir b»gw‘ veltar Je{’nfeﬂ

fonlesiyon .
x: €N —> [ Teal®) LAY
“eeet
> X(P)‘Xfﬂ tayen‘f \QQ{ofu

f)ot%«slal feslkdr .

fe f(e",m)(= frEn g Hreverebiic
c! smfinda (1. mertebeden tufeuleheé:lm) _ ‘
feck (e, R)  k-inc| wmerdcbeden tirevieeblles foﬂkstgm

/,e —3 R {onhayan
vee €" icin, (X(0)(M =Xp [f] omalk Uzee ,

veldor lart

X(f)ec(e”,R) fonkszjonuhaj; f nin X _\f@kﬁgr alatina

e i

gpre tirewi veya A 'nin koyacyart 4urevi denir,

/ fuM Sae e lert agny -,%zk at | /
/ 6agl 1§ ve bitig ) '



cier @een slak, (XE)(@)=Nelrl olr
Teorem * <Mé\/afja/7t tiredn Seellielerini vefeq 4eorem )

VXIYé%(Eﬂ) ve V‘F/a/") éC(E /]R) )c;;/) I ‘/J&yt
Juts 1 alanr goninde hinin tirevi

l9)p = £(P)3(p)
(= (fxraY)(n) = fX(n) tg Y(“) (£ig)e = £(0)F3(P)

i~ X(af+bg) =aX(F)+ b ¥(9)
- X(£3) = (X)) 9 t f(x(9)) dir
ispat, {-[xto V) m1te) = (197 )p In] (£ +(aY)(7)) (4]
=[£(0) (P 9(P)Y(P)] Tn]
= [£(P)Xp 4 9(p)¥p 10N
= f(P)Xp Cn] + 9(p) TeTh]  (ye g Lirevden)
= £(p) (X(w)( ey g (e) (1) () (pagant L2e)
= [ (xt))@ +(g(¥m) @)
=( (x(m) £ 9 (¥(m) ) (®)
= (fx19Y)(n) F(x(m) t 9(Y(n)
ispat 4 1~ vee €N, (X(af+bg))(e) = Xp [af‘*b&l
= aXp [f1+bXe (o]
= afk(f))(e) to(X(9)) (p)
| | =(a (x(6) + b(x(3)) ()
= Xfsftig) = 2(x(r)) * b(X(y)
[spat ), dli~ Ype€h, (x(fs))(P) = Xe Lol
S > U Ten(® 1€ R
e x:ee;(P) ; pELp)
xeCs]= (XpLF1)a(e) * o) (e [+])
= (x(£) (P a(P) +£(P) (X(a))(P)
=((x(6)a ) (ed + (F (x(s)) (¢)

VabEIR olmak Uzere, Y

vpe€e”,

|
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=(&(£)a £x(5)))(®)

T X(fa) = (X))o + £(X(2)) - (elbaiz Lurali)
Ocnel y - E" de e -‘—57 s 4SS studart baz . veltor
slann Asiine lim. R’ //f’
f:eN—>R  , fecleR) vl

pL =2 £(p) Xi

fo alesiyonn  verilsin. VPéen "9!0 (X(f))(f’) = Xf’ CFJ
Oidggunda/\ /3’@’ xvec &I:rdak 1-—mc; vektor &anunde&z
Qox/ar\yaﬂ: vektofu bul&hm _

(ei(f) (f’) = €4,o [£1 = €. elsendele 6:‘{:‘/4;' wel 370
£ Jénb’naau tureyl '

={ei, —\7"f>l 3 pngTT
Of
e{ IF (O/.,, ,O,{ O,,,‘, o) ) Vf"‘g (—e%(f;/—'-/-aé-é/-—-/é—xﬁ-/
4 elsen .
= Sale P eilN = 5 )
3 m 5
. B of 4
ei fonlesiprase = e‘frﬂ IX{ (F)
€ (f) (f) L =a_%2(\ (fm(«s{ymlym e,n'f/«’j;' taammdan)
=> -é__)t' 'f’ = ——-- ‘P
D harh%o' bir veltar dlenn 3?(“ nin Afonlsiyory olesst gdsierebilir M{ja
Orileb. // X& 1(50) ve [
Fec(eEN)IR) olmat dzere ,Fpee? igin . .. (P-= (ff,Pz/--./P/)))
(X(f)) (P)= xf’ Ef] 7,5 o (le,wz,..., Wy )l)o ol&v/.lh.tu
+ i ""'h"’f‘,‘
‘5' ax: e (P) 7 :
-124 HOFAGIO : noyosT

ﬂ%@:& (f))(p)



P
x
..-”
S’
g
’..o\
=
il
>
s
Qlw
g
N
L=l
H
o)
N

A 3 A
L = = \§; =% = \9~¢e{
= )( o O Xi pry
™™ T, T

blerhaxgi bir X veltdr alan , Standart 22 vebdar alan!

closinden , el tirly ook yazlmip oldu.

sekhin deaf,

> L1 ki 3
= e v I ol
X tﬁlax‘+\9-z eyl (Vo Y%

Toam: T SIR bir agik arahi olmek Uzere, X : T —> "

difaransiyeliesebilic fonkslyonuna EN de bir Bl denir-

KT T E" .
£ —>(t) = (%4, - ,&n) ).é = ((t), oo (£),---, Xn (t))

~ e~

L A8 i X(EHAE) — o)
() = a4 ’Af‘ﬁo At

- lim _L?.,(, (£14t), ¥ (£141),- ) ¥n (t1AL) —
At+=0 A+
e (‘“Nf)/“z(-(-)/--_ Aa (’c)‘?
<.bz4 (HAt)=oi(t) | Xa(ttat) -4 (¢), omﬁ-;/ﬁ)—o«n/f))

= i

a2 o At At At

1) = do (€) _[dxXi(&), dtalt) , ., detn@t) )
i T'(dt i IaNEEnT

Tsoum &"'(t)z_c_igﬁc.z tagart veldbrine, o egrisinia

o (t) nobtaswndaki hiz veltors denr ¥X'(t) e sosterilir.
Teorem: XTI —E€"  difesasiyellachilic bic gri ve fiE" —Rr
+ — «(t) P — £(r)
diferansyellenebilir bir fonksiyen elsun.



——— e ———

{‘X'ﬂ:))—__fj” A !,é al-l: (-Fool) Jir.

ywa T S
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P, S

ls,oa{:// od(t) = (0(4(1‘.), o, (L), --‘/&n[t))

=) o/(}) = dﬁ?) e ( a:(:{c»c) cuxzct) aw\ +) ) ’w )
= /(t) = L), VED It =é— ax, ((t) /-6
Ayrice | o L

£ (o(t)) = (foe¢) (1) {:: Bl -

= f(o_(s,(@-),ag,(f),;; , /”(.’L@)é i ._E:;,, (Fow )¢¢)
! X2 Xn

Bu bilesik {Bnuﬁ{jmun s tlye Sg,.e tirevi-is | W

é(féx(u)) X L Of dXp, ., Of dXa
[(FO“)] e = é‘ _J%dt tov, at Ut oxn dE
N
L o () ) X d |
‘i:én ( )d{: 'f
Sonve olardle ' - A= }

«/)CF] = —L—-Z‘“‘*” f(ﬁv“m oy

Toam: ’(t)ff] Do('(t) £ olarak géstesilr. Ve
( y ominde bir £ f’ams:yonunun \jme 52»’!«2 furew)
fl: £N 1210 fonks\yonunun T oz J ——h Y grm "bodmaa
kovaryart turevi denir.
ve ol élan
Tanim? <:T —E" Lir %n Ve XE W(EN) Olsun.VLE L isin
X (1) = Xuge) = X (04) I
ise , X'e &t gprisi bqunca bir velktér alan denir,

=8

Toam : P T——gN /4 s
T L = X ()= (o) pla(t)-. ,0a()) bl gfri olsun.

X ‘de €N de bir veletor alan olsvn, XE L(EN),

VteT 15in, i;(éﬂ = X (xt¢) ise

\
Pt | . . Y "o * 7 i 3 : ) $L oom
eftinin iz velkiots e uzgindet) noktaclali defenn epitse

s



( efrisinin o) noletasiadaki - hiz veltbri X vektor alsminn
~(t) deli des’exine e,sitéa) bu taktirde
X efrisine X vektdr slann _bir_iategral €hrisi denirs
5fnek//e de  bir veltdr alan X olswa. P=(f,P,)<E? ictn
X(P)=Xp = (P (-f2,P)) = (F,X)  olsun. x’in interal
efrisini bulun.
| E§er bagle bir giri varsa , X ".&\‘ :5{1) =TT
sellindedic Bo)le bir efr
oldygunu kabul edelin. Ayrica , intefral e\,?ri&' tanminday

olay) , .éc%(.f_) = X(x() olmalidirs

".d;fﬂ ,<,(+),(do;:(a,ao<z(ﬁ) (a»« doea))

o X((E)= X (<), %ef0) = Heaty = (03 (s, 0009))
By ki Ifade epit olmahdi, © halde ; - el
Ly (.._.L /_sézx (-o(;,u,))«(f)

=) %L:-o(z ve %%l:o(, olmahidir.

x
o DT o p e
;3“! Yie
B e T e,

_ 9% 5@1?/\2 dazshm,

12 dt dt €2
_f_ =oly —y S0 4 o
e, t=> X yey=10
X/ tx) =0 £H =0 | drZ=h dr=f (&=eH

oy = Aett + Geit =A(costtisint) 8 (cost-{sint )

°(4 =€y CDS't + Cz Sin't // ’.}:'i;."ae;‘
0(2 = "_é_?.(.‘.. 3 &{Sm‘f +t€2 COé‘f)

alt

Verilen X velktdr alzinn

b(z=C4 5;0{’—:2 coyt // ¢
; integis| €Srigdh.

A(t) = (C, sttt Casint | cpsint — @st>



= ; : 4 S8
soru , L3 Bu inteyral efriler) g inde (1/0) daa‘lgecesini bulup

grefigini cizelim.
X2 - N
E ! t=0 = <(o)= (1,0} olsvn.

*
¥

) =l Aez=0 ,

|
SRRSA0 SR
X

= ot) = (cost, sint) - tiet =1

ke | =2
o = f(N'IKZ) "((f) (C_o.)f/.SIf)f)y g(‘xl/o(z 2 b(‘ -fp(z -'f //
id— P %mw isinde P = (PuPz) b bir nok—fadm \965‘@10{ bulun

t=0 = A(0)=FP olorr  aryyerva.

x 3
Qlt ﬁ'...P =>(Puf’z)= (CU"C2>-
e
f’j,z =) ) "’.P‘ A sz-Pz, /
R : ,
o : Xp(t)= (hcost e Posint, Pisint + Fcut)

1l = Bu gfriles »c;mdz (1) dea sesen, m'&gfal g§risiat bulun.

/-1’[‘ t=0 =) x(g)= (1,1)
/ r p\ “/f)
[ -\ \ =) |(@ys=Cal) = 1)
K JWEY CIMMEES e =1 A cp=A
i ~d = (cwtsint, st teost)

lleta(t)l] = [(@st-siat)? +(sint 1cost)e = Z (saeh)
5&,\1// (0,1), (0,~1), (£1%), nobtalermesn gesen interal egrileini bul.
Teorem : U, EN de bir ik ; X, 0 lzrinde diferarsiyelleacbili
bir vektor alan ve Afo’ue;() olsun, (X vektor alan koordinat
fooksymlan do’{’efansyellenééiln’r ise X vektdr alsines 2
ohfdems\’ellacbzhrd\r deJnr> Ru talktirde X'in odle, bir

integral eyrisi ¢ : T — UCE” vardir ki J
+ — o(({.)



i- %(0)=pP ,PEI  dir
i~ Bo)= F' olMslt. Jwe » X in U Jzerindelel d3§er bir
m-tejral egrisi F J'-——-—3 U VteInI isin F(‘t) «(t) Qir.
(4— Verilea bir p nokta&ndazz b&.s)a\ya/; e m—ff’j'ral grisl verdir
i = E5er” P /\otd;a.smdan baglkyar X in bir bayks B nteral
grisi vorsa bu teltir. ;j(t)= B&) bunlar e\)(téff‘->
ispat), X vektdn alaat igia )
X(P) = Xp. = (P (50lE))X2(e),- . ; Xn(p))) ©ldvindan
= X = (X1, X2/m--, Xn) = X1€) + Xz2€2 +-‘..,.,tXnen

= 2 Xced
=

¢§ X' GX' !
Gurada / X; * €"——3IR fonksiyonlari  diferansiyellenetilirdic
Rlir—D X{(P)
- o\R
EN de bir ot %?r,'s,' ;] X3 ———a < ign
- t — &(¢) = («,m,xz(f), ,o(na))

se klinde &&ula bili'r

sellinde diferarsiyellesebilic bir fonksiyondur

o<y 2
AR diferansiyellerebilicair )

d(d({:!! = o/(t) = X(D(('t)) (D((f G;(__L@) d(m&? y i_(%)’e))

X, X veltor alamnn bir integral 6370'61' olsun.
= o(’(t) = fx'(oc(e)) (mfedral ej-nsa mlmmdaa) '
(d"(l(-t ;uxzm ngn_t:cJ) ()(:,Xz,---,)(’n)[o((é‘))
= (X,(o( () ) Xy () - ) (¢ (f)))

gotle) = X (salt) ) o (8) g, <><‘f?(t—))
at

d (1) xg(m({),kz(t),--,,f’fn(t))
a

—

%:‘z&ﬁd:.)(n(wff),“z (¢), ..., Mn(t))
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('1) ¥y F X((“‘/KZ/‘-'»' / M“)

&,/ = )(2(0(410(2,-_-/ XA ) \ : : |
dedo bl TIRE S {ogel hihy bir diferaativel denlelean

-

n ‘dg}l'ﬁbyla' ‘ 1.netebeden

n! = Xn (&4, X2 ) o ot ) sictemidir,

(2) *)=p =>5(u0),Xelo), .. ,n(0)) =(P)sPay- .- , Pr)
Xi1(0)=P1, ®2(0)=Ps ..., Xnlo)= Pn '
Diferarsiyel denklemler igin Verlke ve el lil teoreulenaden
dolayi, (1) diferarsiyel cenlelem sisteminin (2) sartleria
R

s&fleyan bir tele gozymb verdir- 80 coalm

X ¢ T = ) i
£ — (t) gr{s:‘d{r. %(0) =P verdir.

Bt R:J——U , R(0)=F olar bagka bir s6umse.,
y4€ INT = ()= f(+) olur. O nalde X ve B Grisi
3 ve T arslhitlanan  ayni ortale kd(pesinde ayni gprilesdir.
Toam: _ 8ir UCEN Userinde tonml bir X vektér alsm _|
\léf«ldn\gmde ¥PED fsin =(0)=P olacak sekilde X'ia bnr
o( méedral qns: varohr fu m'tejral etrisine , X'in _p nokta-

Sindan oegen  maksimal _integral efcisi denir,

X 1 &lo)=p ,. otl=x@) .

0T B3N (1)

Team :  (Yovelyant Tirev = Vevtor Alanl Ydndadell Ture\/>
;Y € W(EN i veltdr alaal olsun:
PeEN fain ,  x(P)=Xp =( P, (Xi(0) X2 (P)s-m X (e)))
. | =()(f,Xz/.-‘..,Xn)‘p
= X= (L, )
Y=01Y20---, yn_)



x; : En_'b IR 1':1/ 2/—0’/ N X /;/1, b%fdt'n&'t
BF == V(P )t foaksionlersh,

{— Efor Xiec®™(e")IR) ise. X vebtdr alsal C7° smifindardie
denir. Bene selilde Y wektor Alan) €% sinfindaice  derirn
- o)=Y (Pt %.Y) olmat. S2ere ;

dX(o) _ & vid
5 b ¥ = S5 = g Y(rr )]

_ P . = k . - EE I ST I

Vektdrlne Y velktdr Slanam 7(_; Ye gore P noktasindati

kovaryart tifevi denifc DxpY fle  gdsterilir,
) Y(P) Y(PH)?)

P=0F ,tXe
Y(PreX)= A (8)  Ye)=Yr
X(o)= Y(P)

R o

ad

Teorem* (Kovergat tirevin hesaplammssyls 1§l teoremdir.)
! =

O'SU“- 0 fc“/\af aal -
. ‘ %) 15 e ol 0 dn OO'X,” ‘;;;‘nf}ﬂ ‘lu‘
OxpY = (Xffﬂljl Xelved)---, Xffan]> Lorevi

. e A A
1 - ,. 3 - A ® —_
lspet// Y= ﬁ 31'&".— i:é' Y€t _ (J(/\yg ,---/3/)) 0/60/’!.

veee" tsin, (OxY)(P)= 0% Y =2 Y(r+4%)li=0
= Y(PttxX) =(z% yiel) (PH£X) = ﬁ%l(a,'e;) (P+X )

N
= = Yi(PttX) e;(PrtX)
L=

AY(PHX) _ d B g (preX) es( Pt iX
ai s z:é-.‘g‘( ) et | )

i\ = =3
= t%[ﬁ; Yi (P+6c")] ei (PttX)
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dYa(lP;'ET) , £ é[;l{- (P-H—Xj/ee Eféx)}

dy(®) _ é < i di (X)) | eilp)

=5 e

X ta. velb. yronde
spa /" a Yt ain {er(/‘

Vele3 == F(Pea) |,y c/w(P'ré?) = Xp Lid

=> D)T;o Y = ,2 )?,.: [yi]é:(f’) = ()—(;E‘ﬁlj/ X_);’E\‘fzj/-i-‘/ylzﬂ—ynj) X<

T — 5

=>\DyY = (XEw?/vaz]/'-v Xf&ﬂj) 5 ngJ a«? (
X o gy | L Ll ] kw_j

DT

5rneJ¢,7/ X=(-1,0,2) sabit bir vektor dlaat , Y= (n? , 0,X2X3)
= Xi%eq+ X2X3 €3

oldgura gBre  DxY =7 (xvelbsr alort ydainde ¥ 'in ovegyant tirevi,)
OxY = (X[3,x C923,XLss7)
= (X002, x[0J, xTxeX31)

X2l =X, 0X2 > =L (-1,0,2) ,(2%,0,0) > = ~2X;
xEOJ=<x,YO_o> =

X[XexeD = S<(=1,0,2), (0sx5 x2) > =2X2

= DxY=(-2X,0,2X2)

Teorem® X, W ; €M do ki veltd Slsns ; Yz E"de il

difersrsigelienebilir vektdr alen , f:€”" — R diferarsf='. .
Yellerebilic  fonlesiyon olsun. ( FEC (E7IR) )
£= Dx (YtZ) = DyY +Dxz
_té— DyrwY= ODyY+ OwY .
¢~ DexY = fOxY
w - Dx(fY)=X[1Y+ fox,,Y air, |
’.SPB{'// = N= (Y192 perepyn) Ye 2= (zplzb,L L. 2n ) olsun.



= Dx (Y+2) = (XCHH?J yXLyatza] i, Xfan'rznj)
= (XB:}*XfZJ/ X0y d+ AL22] /.- , X[ynJtx[247)
= (XCo1ds AL923 /-, XCyad) T (XC211, X (2. 4 L2AD)
=> Dx(‘(+z) 12&:{;sz//
lapat 4~ Dxrw Y ((X+w)fa:]/ (xtw)(y2],-.., (Xv‘w)f&n])
= (xtw) [y ] =<Xtw, 7y, > = <X/V&,>+<W/Vgt>
= Ayq+ W]
=(XCoJ+wln ], XCuJtwlyed, . ., X[yItwi[ual )
= (XC913, XCv2Ds---, X L9l )+ (WIyid, s, s WLua])
=> DxwY =DxY+OwY s (Yumii)
is,oat//iié—- vee e, (DsxY)(P) = Oixiey Y =Deeynie)Y
| = Dfe)xp Y
©ex (@) =((ree) % Jurd, (F0ITR)92D, -, (F0IXP ) 4] )
= (£ X Lo, £ % (2], ., F(OXe (3a])
= £ NeLv2d, ..., X Lon])
= £(r) DX Y = (f OxY) ().
=2 0 Yo = f Do . S  gasn0sT
spatyiv=y Pe€e” ; [Dx (FV)] () =
Y= (&1/321 il 3/\) =) fY"'(f&l/ﬂjz/-. / fyn)
LDx fY)J(P) (X,,Cfuu] X{f&tlf—- /"?):fﬁf)j) ; :
(xfl:f] gyt £ XLurd, X,ff]& 4#4@2]/ - ’%ffbf@f)f;[m])

= (WCeo CE 1947, $EDR) 4 ({540 ) £ LT, o] )

rers
= X[ f] (95'73)2’? L) F f(P)(XfmJ/XP(m]/ /X,fd/»]}
= RCrIYlr f05Y = KCrIv)e#(F BxY)ee)
= (x[£JY +fDxY)(f°)

B0 = XLt P00y omen
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LiE OPERATORI (Lie Pysrtez Operatdrii)

Team: Y bl K cismi (perinde. taumls n‘—b@btlu bic veltér
Uzay olsun. ®ir [, ]* V. XV 3 \V aéhﬁﬁﬁn_ﬂ (K =)
£ = 2-lineer (b:’h’neef)d.‘ri.\{x,’\/,z ev ve. V&,bélﬂ igin
[axtbY, z]=48[X,2]+blY,2] |
(x52Yt bz ] = alx,v] + b[x2]
¢ = Albeedir = Cx,v] =-[Yv,x] (ds’?f‘swh' c@ﬁd"r)
¢t~ Jacobi b'zde#hja’ verdic: M XY,z €V AT

[x,CY,z3]1 +LviCz.x3] +[ 2, Ex,Yj} o

4 (x,¥,2 sirasinde  siresel permital yon.)
fj}—v Y “

X

ozelibleri saglantyorsa ,bu talktirde [ ;] dénisumine Vv

Wzerinde bir LIE OPERATORU ( Lie Parentez Opeatord veya

Bracket ) Oeir.
Toaim: (V, @, (R, 1,°),0,[.] ) = cebicdir

(R,4)2) cisim , (V@) obel srubu,
Qv Szellillesi S&flayan V. veletor wvzaying bir :h'er;r cebirf_denir.

Teorem: E" de veltdr aslealenimn kimest Y(E") olsua.

L, 3% %(en) X U(eN) —— U(EN)
(X, Y) > [x, Y1

dénlisliml YFe ™ (ENIR) isin, [x,YD(f) = X (Yf)=- Y (Xf)
selkhinde Laamlaars a', X, Y] bir Lie 4(5,0&/7@'{6}13&15?-.

Tspa?/ ‘- Va,bé;’re LY XN ZEUED) ve YEE CH(ED,IR) [5in
foXtby,z]= a[xz] +tbf ¥,2] YFEC S EN IR) igin,
[ax10y,27(f) = (sXtbY)(2£) = 2((aXrbY)f)

= a(x(2f)) + b (¥ (2f)) -z (a(Xf) 1 b (xf))



RE =a(x=0)* b (¥ (zf)) el b YF))
= a(x(@f) -z (xf)) tb(¥.(zf) - z(¥f))
= a(x2] () + olv,z1(e)
=> [axto¥, Z]() = a[x,2] (e)* oLV, 2] (£)
Caxtby,z23=alx,2]+blY,2]
Renzer Selide ; -
[x,aY¥+bz ] = alx,v]+bLX,2] din (Bilneerdir.)
isfat//ﬁ- VFEC=(EIR) Igin =
Dx, ¥ 3(e) = X(YF)= Y(Xf)
= =(Yf)=x (Yf))
= = Ly, xJ.(e)
= DY)(e)= =LY xI (¢)
= [x,¥1==Ly/x] (Heme S2alli§i)
ispatyitc- [x,Cvi231(F) = x(Criz}f) -l 2] (x£)= (¥ (z(e6)=2( Y(Xf)))
Dorvizd]6e) = x (Y(z£)) =X(z(Y£)) = Y(z (xf)) t2 (Y(x£))
Benzer selilde ;
LY.Lz,xJ](6) = Y (z(xf£))~ Y(X (zf))—Z(X(YF))+X(Z(Yf )

Sen, Ofa/ék y)

- -

[z,Cx,YJ](f) ‘Z(X(Yf)) —z(v(m) X( V(zf>>+v(x(zf>
Qu ifedeleri taef tarafe toplarsak ,
= ([oev211+ 0y, L2x3] + 200 v3]) @) = 0
= {203+ 0Y,Czx)]Hz.[x¥1] =0 ol
Jacobi  Salligi varde.
Sowg olaak by V;Selu‘)de tanmlgmar C,] opusatdrd bir

paantez operatdry  olur.



S&ew ‘FQEL'M T (‘_‘! N

Tonim * C‘”(E” IR) X 7}—(6";%———? UEN) : , ,3,4%
(f, x) —— fX
islewi tem}nlanwor. YrPeen ;gin,(fX)(F)-‘-‘f(P);(?:
Teorem® Y(g") de [,1 Lie operatori) verilsin. 8v ducumda,
VXY € W(EN) ve Yf,gec=(E"IR) iin ,
i- [oy1(fa) = f0vI(8)+a[xy](f)
i~ [fx,9Yd = £(XDY=9(YF)X * ol x,¥]
ispat, < = Dxi¥D(F9) = X(¥(fa)) = Y (X (fg)) =
= X(f(ra)to(re)) =Y (a(xf) +f (x9)
X(9)xg= ALs] = X(F(YoN+x(a(¥f)= ¥ (s(xt)) = Y (£(x9))
/
' = (XEXT) 1 £ (X() + (g7 ox(vP)
= (YMXE) = 9 (V(XF) = (YE(Ks) - £ (¥(x9))
= £(X(19) - Y(x3)) +S(X(¥F) ~¥(X£))
Dovd(ey) = FLxvI@) ralxivi(e) 4
ispat ), (= VhECT(EIR) isin
| [FxoaY2hy = (F0)(3¥)h) =(9Y)((£x)h)
= £X(9(yh) =9 Y (f(xh)).
= £(Xo)(¥h) +3& (Yh)) =9 ((1£) (Xt £(¥(x))
= F(x9) (90)  Fy (x(vh) —9(KE)(xh) = o £(¥ (Xh))
= £(Xs)(yh) =3 (Y)(ch) + fo (X(¥n) = Y(xh) )
= (£ (x2)Y) (m) ~(o (YE)X)(w) 165 L X173 (n)
= [fx9Y] = flxa)Y ~9(rfIX + £3LX/ 7]
ispat, ili= VP EC(EVIR)  igin |
| DxJ = X(Xf)- K(xf)=0 = . DxxI0=0
= [x,x] = o//



.5rnek//
At IRSXIRS —> |3
(%) — =AR

=% = (Xuy,21) R= (Xsz/zZ)

ey 1 €2 3.
XAL = X Y2y y
Xa V2 22 sl ¢
1— YobEIR A YUS,E =(XgyYz,23) € 1R Igin - 3h
(auﬂop).;-' (SX{-"sz-/&\w'fbya, azﬁbZa)
(&°<+b'€)'A ¥i= egileTBgc | eg
} X tbX2 éyﬂby_ 2p+b22
X3 VR 23
€} e 3 ey ez (o2
= |ax );ft ez; oY, by, b2,
X4 My Yy =3
2yl el rexilall | oyl e €y
=l X Y =z t+ b X Y2 =22 ’
Ny 43| 2g X3 Y 23
=(a%4A¥) +(b pArY)
= [atbp, ) = aler)t bR, 8]
_ - o
b- <A(atbY) = QXAR tbexX Y
i ey €2 €3 & e eg
AR =X 9 =2 [T X ilngd (25 1=i= Aot
. X2 Y2 22 X4 g1 24

{NeR

tii— °<A(p/\zr) <//§>€> <o<//n>a’ 4
BA (8Ax)= <pdry - <:s,,¢><><'
YA (H6) = <ypf>e- <4, p

A (RAY)TRA(SAX) + A (RAR) =
O helde At bir e Opwiﬁf{fdﬁh

IRS de  veltéel (dis) garpmm: bir Lie' Oppradr liri s
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Teorem ® X,Y,2 € Y(el) vettor alalar: ¢ PerSorbe

c® simfindsn ise
i- OxY-0DyX =[x,v]
ii= Xp(<Y,2%) =<0xY, z> 1o +<¥, Dyz >lp
Rurada PeE” | Y=(3u32,-_,y,,) | 2#(24,22,_-.,24)
ve <Y/Z>=é§ Yezd -
]sPave// = Oxp Y= Dxp (34:32/—--,3/))_
=(XeL94d, X Ly2dy---, XeLyal )
= 2% XeLvileilp = % XPf&i]gj%;: )fa

Dyp X = Dyp (X1 X2) - -, Xn)
= (Y[, Yex21u-.-, .YPCXAJ)
vieCcT(ENR) ve pe R
= [ Y Jp(f) = Xp (Y£) = YP(X'IC)
Yf=<Y,Vf2 ; Y"(at/ya/-~/yn)

| OfF (euc ovs aon>

= LY, V‘F> \9[ +3z_é.'f— +s.-+3n_g§£ | (

R

{3(,9 ) meob/w{ F:/&sganlgl

N

== of
? a3
=[x yIf)= Xe ( %.a-f- 3) Ve(2 26 xi)

== (XP[am ¢ +_Q£ XF[&!J)“‘E (YPEau _,Xz-r ‘)“JC YPEXJ

=1
B/ cinel lguam ,k;/)c/ bg/m

)(ff ]’<szva >

v

M

—~\,‘—'\/\

=y X2y A, Xa)
aut (60‘31,} 4 GUDQU{) XYQ (XU 2/ ] 7)’{3



? 32 : f=tt 4

0 b e i o 1ORE | | s ST i

_h [6 Ut (tjulalh zd Y .t + AN Db 07 ]

2 o02f  y- 1

T J= duj0v4 X 1 1

=) Buw yuin& gazé;sa& ; 1 7:

(( =1 aUJéut &l T__:L ”””

X.ofaij =< Xpy Uyl > Xz (X1,X2)-2.) Xn) ) - |

(63( yy .4‘2.___
U cJUn

= Xe Luid -‘-Jf Yj-iif—

A gonl-

Glrmc, k/_s‘rm

2l A
-+ E((j—c 0] dug‘% Xt + ( -g—jj—))

j
|

| -
|

e T ]

X5 X /oM V2L [ yg 2X(
fJJ’I (éUJc)UI Jﬂ _—ﬁ %X( +J(—)ﬁt' GUJ ( ()UJ >>
2 (x990 _ ) T |
t)]- 60’ ou¢ I
= Buvlelf) = z (x.,_m i 24 ) of
ovj 7 ouj

0
x,¥lp = Xj 2uil -y 3Xe i_
Cx¥]e i,Jg(JdUJ Jad_, %

D"f’Y —DYFX = (XPE&Q(J/ . Py Xf’flfﬂj) ”(Vr[)(a]/---/ YP[""-:S)

( 5
x.»w} <xp,Qu1) = él Y{ 990

\ Ut |
{
n i A
= E— X{m, e /’EXta*‘on)_ -
t=h Ju¢ (=1 AU}
N



=2 2 (Mg k) 2 iy
J Il shnrss
=> Dl -0y X= L X,¥Je) ina |
’Sfaf// - Y= (3"32/"/3n) z= (2//22/”/2/’1)
=>{Y,z22 = 2&: z{ . (& is s apian Jmejafe 'év'few’ 7)
Xe<VY,z> = X,:(é g,z:)
= f Xp (3121) ’t,%'(/\’f’[m']zz’ + Y Xff2¢'3)

n { n ;
“E XeLyilze TE Y1 Xe(2i ]

= < (xeLwi3, XpLvd,..., X (1), (21122/;"/ 2”)>
+ ’é Ji Xe[24]

nz> = <Dg¥, 22 1< 002>
((Ox,oY = (xpCad, --. , xelunl )
froblem ler

1= . V=(h0,-) €RS ,P=(11) € ES oldyfuna gire ;

&= Yone gore +lrev taumindan \yararlejx&rae

i~ f=X2*xg tt’{—f:X4Q (i~f=eX coy X,

foaksiyonla/inn WU’( yonvnde i tUrevle{o‘ni bulun.

b= Ru turevleri, yéne “ gore fb'revi‘n deelllelerinden yveleeak

bulun. EER
2= ¥ de §xyX X35 koordmat sistening 3dre X1 € ’24«(63)

Xe Xoi = X axs’ 1= X3, ax, X‘XZT;_ X3 axs

veltor alenlan ve f9€ C(€%,1R) fonksiyonlei ,

F=Xixg +9=X:" oleat veriliyor. ‘

5= X()  b=XGe) e- X(fa) <= f X(9)= 3X(F)

e~ X(xf)  £-x(1€) o= Y(Xf) h- X(£x(3))



3= ERide f?(Xqu) olmak ‘Uzere:
a- X(P) = (P (X2, —X1)

J 4 J 4
U Y WS  (adee JEEE | s

b"X(F)-'—‘ (Pj (X21x1)> | _—t -~ N
c=x(R)= [P/ FX,-%)) | :
d= X(R) = (P; (-2 %z, X1))

veldor élgmlsy) Uenhyor = ((,() olmast " halinde 't&gan'l'

4 . J
T T v i g=F

,3,,«3/@&'!:0( ler) Giziniz.

4-— a~ X(ux) = (Xz,—Xt) - | '

b"‘ X (Xex2) = (xq,h) ,olsn velktor alaalasinin (-1,1) 13
nok{asmdm en ntesral mlerm« bolon, 5 |
Spemy ntedal g ._

5- 163 (w2,143) , U= (0,2;5/ € IR \/Qld:orlm w;thdor. i
P=(1,4,1) & &3 noktast igin ;
5A 2T +5 07 | Aaart] vewtdeind
b- —@;,@?{—U; ,@; fa';,;_iz@; ;) = 4Up: torjart  vekter-

lesioin , g_a_s R

) ¢ . .
b 208 re iade &dm. - !
o1 '’ | gore i

f'éwlf’v

6- ESde ki Xve Y vele tor alsm;.:'sun., |
- 2 3 | __"1_"
X’X‘é"f’x’-axz 4 1B 2’( axz*xz ax ve Y X
ve kLor almlanmn P=(1; |,c)ée3 nolkasindaki dad;ef{er;/x bulun |
7= a- 2X5* 2 =2 + x;ng%é : |
b- Xp-(P/;P;;/—F{),f y P"(PI/PZ/"L?)€§3~
c = XP= (1"'{", szz/Pz)'F / F"f(ﬁ’/Pé/Q{) |

|

olan X VeH:Sr .,slaninm g_é— l4\<2\<3§ bauna&é}'{e d&'&"ﬁro’ L

—

g+ X ¥ % am—x' aXz X'Xz———
o | YR o
R 7 X‘ax *x‘am

vektdr alaalers \/eﬂhgor $A-9Y Jeletir alehmm 5adec:e

B ol Bl [cinkinddn verile bilmesi isin ) fve@
AX2 X3
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fonlesiyenlaran  sagle di§i bgf’mty 1 bulun.

OV s W /- 7 L [
7- X X4 X'ax;g 4 Y5 afo 2 Z'X'6X4+<‘JX3

velktdr alaalarinn YPEER noktasiida lineer ba\fms:z

O)d@mu \9'0’51&0’1} .

¢oaumler
'1“6-\75:(‘/0/");? (hfﬂ) Y f-'Xz X3
Velel =2 F(P+eV) ], fei—r

X — £00)= (Y/Xe, X3)
Y2
rm/ () 4+ £(0,0-1) = (Hé,’l,i )
f(p1¢V)= 12.(1-¢) = (1-¢)
(V) . -4 Vp[fl==2 f(P+eV)l,, = -1

ot /
b- Vel[f] <V,Vf>l,= <(10,-1), (0,2,)> =1 ,
Vf— (0, 2xg,x3, Xa) Vflpz— (9,2,1)
IERZT LIRS 0F ANREETE S TE R A
f=Xxy, §=X33

fia tlEFP IR
)(,31,63“”"“3“ TP(ES)

B2 e T vek e se torev.
o= XX = XLl = <xp, Tl > XD =S, vey
X‘(Xz 20, =Xp) Y= (X1, =Kk, —Xg)
Vf = (X3,9, %) |
X({) X, UFY = X2 X3 ¥ 0.0+ (~X)X1 = X2 Xy — X2 )
c= X)) =X (NXz.x33) =X (xst) = <X, Uy x5 >
=< (%% 0, =x) p (X34 0, 4xy X358 ) D>
- = X" X! =g Xt
e- XX£) = X (K x,06>) = <x,9&x, 962 >
=KX, 9 (X" Xy =) >



A | i = = | § o -y

= < (X220, -X) (2K, 2 %2 X3, X5°)>
X2 (-eX)t o +{=X) X,

(l

=—2XiXe® = XiXet = =3nx"
£ x(yg)=7 | |
VE =Y (£)= <Y, 0> = <pr=xi e, =Xa) (Xs )0, X4) >
= (’M,ny@ -X3X )

0 ;
= O

X(‘//:’)"' X(0) =0
h= Y (£x(9)) = Y(£) X[3) * £Y(x3)
x(9)= (X, 05y = {(% 0 -x1),(0,0, 3x%)
SRV y |
Y (-3 X3P ) = X (0 xg)(=0%2)) B ¥ (=ax2Xa?)
Y V(=32 %33) > =< (i, ~ X = X3) (=61 X320, ) Y
= —6X2Xg2 + 0+ 9 %2 X5Y
= 3X°X3°
3~ F=(XX2) X(£) = Xp
 _¢;3" X(p)= Xe =(F;()(2,-X4))
X(P)=Xe = (P (1,-1))

LRI

)(3 [ %
' 1' N P S ' VX
LA F(ﬁ:"hﬁ)xz, 1
/xy!
3 Xp
/ Q =(Pl+\/,, P'zf\lz, (‘sf\lz)
X
d- x)= (P7-2x,, %) Pl =@ =(=1,%)

—)?;0 = <(l/l)} (—2,-;— ))

S T V— + . T + e e ) e f e e f e



W,
U(\e Integral efrisi EN de bir X veltdr slari, 19.10.199s
2 T 1 PA2AR

/ o, E" de bir &\?ﬁ! .

¥ :E" > Y Te(en)
P —= x(p)= Xp X=(XllXZI~-'/x4) [

N h
= = ‘—é—- = £ 4‘ N
= Xé e Xted

A T—>en | (
+ —> °((t) ’(Dq ()5, (‘t)/-- 2/ “ﬂ('t’))

T — " UATP(EA)
| [
Xoox

V4AET i5in ()(ox)('t) S X("‘(’t’)) :.;.33._:_(2)_ Ise

X)) = L) o by danticde < eprist

ot
X veldtor alaainin bir in‘bedral ejﬂi&fd:‘g dijoru2.
4= a) X(nsx2) = (X2 ,~x1) (-1,1)

oL —> €% grisi '
£ — @) = (f8), X2(£)) olsun.
X (o)) = X(p (), 0¢0(¢)) = (o f4), =%u(¢))

d+t
deti , Jdxa Ko , =4
P E A (e 129 |
=y d¥ o %y A d¥ = = (lex/ =Y desel
=In | ot {
I =yA d;ﬂ T
ot at
Jd2ely . otz g Lgitelt | o o g
ot o+ d¢e
— Gty =0 x; =e?t | Aat1=0 Xx=3(

=cfce§t tczsint

o= AL = -y sinttcz i,

£



=) ()= ((4), 00 (£))

ol () = (ci@sttegSint , —cy Sin€+ <z CDJ{:)

P=(=t,1) den oesen in—tgré’ e?m's[ isin
t=0 =) o((o)c (_.[,[) 1
5 %(0) = (er,ea)= (1) = @=-1, =l |

< (t) = (~cost +sint, sinttcost)

b= X(XiX2) = (XerXq) (—l',‘l)
X)) =X(oa () 8o (8)) = (Ha(t), X1 (&)
deet) _ (db(l(f), ddzﬁl> |
pn - s

F—. i___) (0(2 , 0({)
—ols A %2 o
2 eH' !

d7) | gep Ll |

alt d‘f |

=> o(g"—'b(‘ = 0 b(/:e(’“‘ N—[=z0 =%l
|

°(l <y 6‘6 +C2 e’t// A ‘_

i

(¢ )= (v (4) 04 (t) | |
= <C4e*+czef, clet—coet) |
t=0 =) &(0)= (=1,1)

°¥(O)=’(C1+62,c4 e )=(=1,1) | Fepter = A croy 2



35

e -
C‘g-’Cz =1

e i o paa e

26420 =0 gp=—]
xX(t) =(=e"t,e-t)
s5— d=(-2,,8) ,T=(C0,2/) , €=(t,4,1)
Cp1Up = (AT, V) =(P, 840
A0 Gp = a(P, &) = (P,20)

s~ 20p+5Up = 2(p,8)+5(P, V)
2‘9+§U ("4/3;6)2

""(P/QTQ‘)*(P/SF) +(o,10,8) | . |
7 3 ) = {,“QI!—T/H.}Q
=(P/2-@+SO) -
=((4;t,4);(o4f12,11})
\ =
ax4)+/za><z)+ 5% 'F

"""43(}:/2@# +1 &3 )’o

- = g 4 -2 = 2 2 2o 39 | 1 4l
NS T 2 A S P e

P=(l,-1,1) e €? 7

(f Xz, Xa) , Xérgd—— IR -
< P=(F1f2)P3) — Xi(F) = P¢
— x(P)» Xp = (>0 ax.”X2axz)(P)
'()(45—;0)(9)-( YzaXa>(P) Ry anlgnds )
= (P)ax‘] J=x2(p) 37, (P
.—.4. % },o "('4)—@-:z /,o
’f"c)xz!f“ Bl +%He 1
- Y(p)=Yp = (2)(,2-55‘3(-2«}- X 3%; )(P)
" =(e W2 ey + (0SS )ee)

E 22‘”? T é_g)F//



e w1 P W
(Y=gt %) (r) = v(e) ~(X) @)
= Vo - b X¢
283 lp =& lp - (Bi)et ) )

’E})r +EZ'{""33}P //

U]

Fr las 12X 59’.(.' =ﬁ)\( X X2 35

TEEp — oordinat {onle.
Velbdsy 5)/&,“

7 X =2Xfe-%-‘ —X4Xza—?§

L i BB | )
= x s Xs EY7 5 X4 2(.))(3 //

b= X(P)= (P, Py, =) |p p= (i b, b )EES | X=)
( GiXa X3) sis-teminé aere,
Y(P)=Ps , Xa(P)=Ps , Ry (P) =Pz
X(e)= Xp = (Xi[P), X4(), =X (F))
= (Xi, Xz, —X.)l'f
X = (Xi,X3,=x1)

4 Xq 2

52 VR I 2 1 401 L i 19!
W= %y Y X‘a)(3//

oxX1
o~ YF=X(P)= (1+e, P2fs, Pz”r r=(p, P2, R ) €€ 3
X(e)= (4+Xi(e), Xale)Xs(P), X2 (£))
X = (“11—{)(‘./ Xz)(s, Xz )
XF d J 2
(""'XQ):.)?G + XZX3-5—)?2 + >(7. ays
— = %2 2 - X2 9 = Xe O _¥ 2 2
B X=tei gy, 'E}z*x'.x" Xy | Y= Xy, Mg, the 3%73

fX=aY |, 2 3 | ) fleg esnda bafint) "

:G:“"’——“"’%m
R Y —m |R

) \— e ——

I " ‘.‘

———

" —"— T WA, A YN T QU TR i S "



" 1§ o
X—o¥X = (Fx2-3X5) 2 —FX2+ 5 g gyt 9
fX-9 (F 2=y 3)53-(-; ‘i’( A 3XI)aX1+(fX1X2+3X2 5
= £X,%-9%X1 =0 olmaehoe, Y7
L -.w_ = 9. -
24X Y‘ oxX3 7/ Y’@Xz +—F X’ X axs

-

< X R, <XIBY+¥2 =0 bapntis) sical ve 2ncde |

«=R=& =0 fgin sg?lmwor.sa , v veltdrlere /U:W.Q‘?%”:"L’?“_%

denic: | 4
YPEES igin (o<x+ﬁY+-a'z.)(F)=O § X1 (P)= Py P
N RSN IR x2(P)=by (
=3 o(Xp»t’sY,o’fé/Z,o Gl 4 st'(f)'ﬁ?, §

2 D((cax ’X‘axs)(f’)*)@(axz%f’)*5(’('@)(4 dxs)(P)'(
-'JDI—J‘F’ )(i(f’) [F*ﬁg)gj d)(a(f’ lp*b’a)@ )f‘:o

Xt ¥Py =0
1.0 Py
p =0 Olmalid e l o 1 = 1'”9427EQ
<Py 0.4 208 ° feadsl
-~ = O :

0 halde w=g=F=0 +tek go2umdir.
S envg olzale bu vebtorles IHnee/ bgzmstzdtﬁ//
Oulid Lzaynn Kotargant Veltorleri
Kotagent Uzay |

{-Formlar

Taaim * Dusl Uzay (Rir Veltdr V28 yinin Duali) @

Veltdr U2ay ¢ (V,@) bir abel Subu olsvn. (hatrle tm;a.j

(R,t,°) bir clsimdir.

(V) ®,(R)%)*), @) (”i x;/):\(/ﬂ@o()
/

1° YAameER, ¥~ peEV



Catp) = D A
2 A(RTP)= A EAB
& ()%= A(u) = mAX)
4°  det=e ‘

Ise V. kimesi IR Uzerinde-bir veltor w2dy e

2 Veya -V bic reel veltdr wzeyidir  deair.

¢ v lmeef )K

) — P(et) 'ﬁmksldonu

Va,bER 16in VYo YV &,REV igin,
¢ (extbg) =2 Px)+bP(s) ise veya

Blxtp) = J)t @ (6) e

¢ ye bir lioeer fonksiyon aeiic.

V¥ =3¢ rviBR

Limesini dusdnelim.

Plact)=a () ise,

Taom * (Toplana) ¢ Y @,We v¥ lein  geu toplovn , XEV

o )malk f.izef_e )

(Brod)(x) = Px)+ W(x)

O’EJék ftammlanuor :

——————

Iesld k& »L\‘*

Taum* (Skaleﬂe §arpn0&) VZEJR :gm b &é\r’ alval Szere

(AP = 2 (v).
olerak tamml@/n\vor,

Teorem * (V¥,@,(R,4,%),0)

TeMB) ¥ Teler) | | pleN

1}
Sa. «.u-’i
Tisinno—--t

#en
¢ IR aeed

bir veltor LV

95

gEN g p noktasindaky tarjant vaay).

T(e) = Tp(m) Pem

iy i foldvaun P noktasindaki tangant V289

N —

adl | | i J { { | /
T T T 7 T 7 7 7 7 F § =, ol I | 7 7 7 ¥ 4 v 3

=




Tanim: €7 Sehid v24ayinin PEE" nolktagindak) tagant L2841
Te (en) Olsun. Bu ﬁarg'a«'f uzéjm cual U244t T,o*(E“ ) "
Te¥eN) =5 ¢ | ¢ Tpen) 1 i Foa

olsun.

Toplons l§l6rm 2 . Tf(En) X TRT(E") — Tp¥ (&) -

| () — pBwW = prw

fontsigonu, VreEEN A Up & Tp(EN) igin
($@u) (3p) = G(p)+ W.(Tp)

olerale taumlgayyor.

7/

Stelete_Gapma Islomi *
O IR X Tp (€N) —— T (")
(O, §) — 2604 =1¢
fonksiyon , YPEEN A Y Bp ETR(EN) Tda
(20)(9) = 2¢ ()
dlwak taumlsnyor. _

Teorem = {TpF(€") ;8 fR)1)°7, @F hic veltdr pzayidit. (Gdew)
Ry veltor waayine ,fqo*(E“) vaayina ) Tp (€M) targant
b2aynin dual wzay denir. (Kotsngart w2ay da aeair. )

Taom ¢ (1~ Focmlar ) # |

12) Veutse Alani @ XE" -—-—-D%LEJ T (€1)
P —>x(P) =Xp .
2°) Wt e“-——-}U‘rr (EN)

L0

p — W{P)=Wp  seklinde taumh . ) fo/)lcs@onuné'

€N Ozerinde bir  1-Form denir.

€N in her bif noltasina We linger féﬁk&i{,jmu termmladifinda
W, Tf’*(én) de taumh  lneef - for; dup.

361



Wp fonlLSidonu v @;. ) Up E THEN) gin W& Ve belR; | ‘
W (sTp * b0p) = 3 Wpi(Br ) +owp (3¢)

Toam: Bu W fonksiyoenlartnia  Livesii "Z;_*(E") i gosteselim, \
Toploma Islowi > @7 XEN X Y¥ (£7) ——> Y¥(e”) |
(W, ¢) — W@(ﬁ |

fslevii, YPE€EN Icin , (wed)w) = Wpe +¢p olarak verlsin.

suelele Gapma blpad 3400l |
©: Rx YLEN) —— ¥ (en) ;
(A, W) — A6 W 1
?Z_O ‘say;\l A-form
islemi 5 PEE” isin, (a0w)(P) = AWp olaak taumlanyor.
Teorem : (’H—*(E”)/ ®, (R, t/°),0) bir veltdr wzayidir:

Tonim ¢ YHNE") b2ayine, (- formlann uzay denir,

Taaim: (1-Formlasin Fonh\Sldonla!la qefp;Mi)
e d‘%{Q/ll
a dif il

£ ”"”f(; ,fec(e 1&) olsun .
we %X (") olsvn.  (w,4=Fotm olsva.)
fw: c(eLR) x LN(EN) — 4T (en)
foausiyonv , Ype€” ve V\QPGTF(E“) isin

(fuo)(wf) = f(p)w(3F) 3 E e

S@js Sajv

seklmde tonmlizngn ful fonksiyonna W, fonk Syonun £ i
capimi  denir.
Teum: (d Operatdcli = Difrarsijel Operatdrl )
Adofbnbf
freN="r ,(fec(eVmr) olsyn.
d2C(e"rR) —— UK (en)
flo | dff

fonksiyony , YVE Y (E7) ve Y FREE" igin ,



— —y \363
df (Np) = vetfl Aamlanyor. |

=3 QE{ \/m (V gbninde F ain lovagynt Lireii )

Bv df y;fonksyonuna £ nin  diferaasiyeli "denits ..
Teoren : Bir £ fonksiyownun df diferasiyeli bir A - Formdur.
ispat) 1°) df tagart veutorler lzerinde taumhaitler.

af 3 Te(EN) = IR
U — Jf(Tp) = UpLf]

a1t v2sy — Reel seyilar
2°)  Liner donigom olduj%u 553@4;%
Jabé& R ve V@;JP € Te (e gin
af (5T +60; ) = (Tp +60p )Cf ]
=a Op[flto 0pLe]
= o Jf (Fp)4b df(UTp) y I,
df € Y (EN) dir. (Yaal 1= form dur.)
Ornel y E" de bic (XiXoso.,Yn) leoordinat sistenmi veriliyor.

X{: €N —— R ) , P=(Pfzi=-, Po)
P X/P) = P¢

koordinat fonksiyonleninn  diferarsigeli 3
YUP ETp(e™) igin , dXi(Tp) = Bp [xi] =<V, V) Ve >h°

Xe , Q¥ AXe
v (‘«01/92/-¢ /wﬂ) VX (aX‘ é—é ! T 9xa oXn }

0
&, Tk > = J.g % wJ)

g 2 ) Y5 (i=j ise)
é/
—>vat(l9f») = L%(f) olue-|=% | gel2,)ad. 00
X({ lkoordinat fmavaIafmm @:0 deldi  di feransiyelidin
2] d)('(@,l) =Q(P) -_ .. ,1=0 s an;(cﬂTi) = ¢a(P)
Sonug F Koordlinat fonksiyonlari XiXe )., :\:AS in diferan ~

siyelleyle elde edilen de{/dXz/”’jdeg';; bumeyy'



’4*(5") in bir baadir.
z's,oa/c// N, Nop-sey Ap €IR elmél G2ere
Y 4 A2dXot. ..+ AadXa =0
bsgntist YAi=0 igin sglmm Buiw  sastereliv.
Ze;,ez«,',”,alg ,%(EM) (n bazini alshm. Y PEEN igia
= (N dntaedxs ...t mdXa)(Ee) = ©
=> AdXi(@le) + 2adxa (&lle) #--. + Andxn (&) =0
=> n elplu] + 2% ellple] +-.. + Mn éile (xa] =0
&) lp D03 = Léllps w,)!,o =1
§ efle=(1,9,. .. /OJff, VX( (/z 9,-,0)lp

= Al 4R2.0+-o.tAn 0 =0
eslp isinl 2z2=0 w berzr pelilde, VY At=0 olvr.
0 Walde dec, dXz -, anf linees  bafimsladi ve bazdir,
Yani 1}26“)[/1 bir  bazidi- '
Tanim = Equ,FdXQ,-.-x/dXAj bazma/
fe1on.senl =0 55, 1 8%, (=20 Tn § baznn DUAL GA21 g
Teorem * €A deli V¢ 4-formu (yai e (en))
Iy g S
fi ‘,¢(€¢) ’d>(§}‘¢')
olmat Bagre , P= i?’: fi dX{  peldinde Yaulabilir.
ispat ;, YPEED ve ¥ Up€ Te(EN) foin ;
d:‘- a P = 4! '-a_,
dp s Wi (Peilp 5 7 ax;',l’

> $(T)=p( 2 viZ ) = 2 0 (L))
fi=¢ (3%3 le) =19 (elle) | olmak Uzere

— e e e

7

O

7




HERY | I 365
= @)= & fibuile  (dvi(@)=Vile i

= 4)@):/?? filp dxi (@p)
=5 ¢(@})=({:§’ fidxe) (9p)

= ¢ = z‘fi: fFidXs  hatbic {-forim, dX( diferssigel baz
M;},EZ: )4 ve ltdrlesi einsinde 5&;1[1:4:\5‘ oldv.
Oulid  Uzaylarindaki DEadsimler
EN 8llid vaayndar €™ dldid v2ayina fonksiyonlasdas
/oéhse,decgiz - (myn czt) (m=n o/aé)l;'(‘.) |
Tenim i Bic £: €M — &M forksiyonu  verilsin. yPee? isia,
F(P) =@ P=(A,fyame, Pn)  Q=(9¢,92/-.. ,9m)
(0= (F1(P), falP)yeee, £mlP)) |
fiP)z 9, €2(P1=9%,--- , fm(P) = 9m

olmat Vewre , fytE" — 1R
‘ P — fi(P)= U ve berzer selilde ,

1/:2: e — 1R JLes
F— falP) =92 3y Jelilde, - - -.

Fmtgf\.——_a.g 7
e —fn(f)= 9m

seklinde taaimli £),f2---, fm ‘fQﬂkéijmi;‘-fIhé Faia

F:(’FI/FZ/,,«, ‘fM) SEHT _
Taam 1= F'nin ft koordinat fonksijonlan diferarsiyellenebilie

ise , Flye difesisiyeliencbilitair denir.
2— g5¢ FieN—— €™ fonkslyorw diferssiyellesbilir ise
F fonlesigenuna , EN der EM ye bir DoNUsUmM denir:

EM deli koofclinat fonkesyorlzrr , $Xp s Xzsemr , Xm 3 ©lsun.



itz EM R iy 1, @= (A1, Ys2m )
QR — X!(Q) %

Fien —agm

p —% F(R)= (‘f}/ﬁz,” ., fon)(F) = (fl(P);‘Fz(P)/ . TM(PD

$ et 2R
p —> fi(P)

Ef\ _.f__,EM

ﬂ =X/ 0fF dlfeféz\agell&‘-éét’r Fm(eS{jﬁ’?
fiy | X - et

; dlff/&’le{je/@Ae(ga lir. ue,

&

a—— S— /’-‘—;‘ ] -’
) F i )/ e F ( f>
ediyse {
Q:F PN
IR ‘

(

omeb./ 3 g3 el
P(Xcglz) a2 F(X:y/z) = (X 1Y% XJ) olaql taamlaadin,

)

fl=X? f22yz fy=xy folsiyonls) duferaﬂwel@)ebzbr
oldipndar ,F / €3 den ede bir dé’m’i&im olur.
Q= (‘u,‘\z,qx) ise
FQ)= (X‘/Sz/xg)(@)
= (x*(e), y2(0). (9)(@))
(x8(a) = kx)(a) = X(Q)X(Q) 9. 9y= 92
h2ta)= 9 (@) z(@) = 9293
(xg) (@) = X(@) 9(g) = %4z
=3 F(Q)' (442,9,9;, 9 )
F(4,-2,0)= (1,0, =2) olur.
F(-3,4,3)=(2,%,74)

Taam: X+ I —EN  bir egr? . (iclﬁ)
+ = o(¢) ' '

ve F:e M — €M  bir ddnlisim olsva.

Vi Y SRS he— w—

1

J L -
7 P ] Y 7 e, b

— (= - » ym— _*l‘ m— a1



3é

z-2s en L Eem £ dndpim , & i | old¢fnda
e diferan :Sp. llere bilir.
= Fox Bileglelei de d:{éfms:yeifméé;(arde

B=F(x)= Foet : T d'“'['rgm fonksigony da E™ de bir
gn’ tanmiar.

P-—Fod

o

v p grivine ;X ggrisinin F < donis Umu altindatl _ gordntisd
denir:
érnek// Fie2—e2 dinsim
P=(yu) = Flul)= (Vi-v?, 2ue) |

verilsin.  f12 0*-¢?2 f2=2yu

"I=20,21§ ”olmak ﬁwé X4 T —re?
= N(é)-’@g_s.t/:\_dnt)
F sltindaly bu gemberin, X Ty
3&‘3%63&%6 bolalim . Y4€XI igia,
B(+) = (Fox)(t)= F(e(e)) = F(rcost, rsint)

= (rco.s{)’l—ﬁ‘sin{)z / Z(rcqs{}(r Sint) )

= (r?(cos 2t —sintt) , 2t st sint )

= (rzi:oszic , risin2t)

3 difes semberin  yansapinn il katide. Gombe 2 dé.{;,s g
clallit.

Torev Dénbsdmil 26.11.95

| I
Toum : FLEN — EM  bir dénsim glswn.
p — F(P)

Pee” ve \/,o GT,o('E”) fs:’n
B * TF(EF) e Tt (tm) dondsimi
¥ e Fx ()



W F(P+-&V)’ 7 oleak -l:ammlaqajor‘.

#4-..,_» . —t

&J Faf ddnusumune I Al ddrev. donlislimé denir:

Geonetril - Yorum *

EN de bir Veagrdinat Sistemi ZX“XQ,--., Xn] ve €M de

i Loordinat s.&w:,}yum,m,ym] olsun,

i
7 2 f) 4 I \ 3 /F = S )( <t
p o2 5 )
/ _P' yv_;y - “%prev )\ f )
p S X7 / / AT TR
r',' i | " |

PcE e VP ETp (") |, PV teiR \
X (t), z.=t°+t-\Z» eMNde P den aegen . dayrultman V olan dojru.

x T — N
t s (t)= PrEV EN de bir doFru,

=) F(u(t)) = F(f"ifV) = B(t)

R=Fox =F(x)s L ——>™
| t — p)=F(x(t))

R(t)= F(PT4V)

4—P0 =) “*(@F 2 p(ptdT) lpmoi= 2E()

= Pl )]F(P)

6F06Q// £4 E?"__>Ez
() —> Flyu)= (uz-ui.2 204)

donysiminin , tifev ddnbgbmbay bolun.,
F=(ﬁzfa)'*“’ fi=u2=0? , f2=200

£, tirevlerewilic | fonkiyondy  ve doAUSmM  olur.
‘P'=L(p,,|°z)és’/\ -\7=(V4,V2) alalim.

Fe () =& F(PetV) |,




I ] 369
PtV = (P, P )+ (T, T03)

(P\'HVU Pz"’fv,_) RENA
Flpred)=(( Pirev) = (FattL)?, 2(sdu) (Perkls))
f‘f’ E+) = 2(Prtvp)uy =2 (PateVs )85 4
20(Ps t V) +2 (P +£Y() B,
F*(\T‘;)=gf_ﬁ€7)l (20 P ~2UsPs , 20,P2+202P1)

¢

Teorem : (8ir F déhfjwmﬂnun tGcev déalslimilas hedéf@waﬁ
FREN—=€M bir donlplm olsun. F=z(fi,f2 mem)fm)
PEEN noktasindaki bir Vp taygut vektdrs isin |,
Fx(Vp) = (VBLal, Ve[ y=im, Ve LfmT) ,F(P)
= T ST N SO |

ispaty) it — F(PHtV) = f(¢)
Blt) = F(P+4V)= (1, f20--, fm) (PtEV)
’(ﬂ (P+tV), fa(PttV),--., fm (PLEVT))
dR(+) . _iﬂ_(_PféV), iﬁ(??t?),,,, , dfm (Pft\f))
dt dt dt ot L1l o]

F |
Ex (V—P)) = Cif(O) = dd{(f*fU) l{f:O
_ [ dfi(PreV) d ﬁ;(‘Pffi?’)' | P-H:V)

o _\7) -——) dt
tprtv ) = Velel  1d

o> Fe(T)=( Vade Wlfedre- ) W ltnT )l )

Orael ), F 2 — &3 |dénlndml €2 delel bir 3 xi,Xe§
koordinat sis témine gore ,
FOune) = (X, Xe, Xi X2 ) olara ke tarm laqyor.
Ve = (1,0) 'F’ olsune Py (Vp) =7



FIZX  fa=Xe £3=X0 %
Fr ()= (Ve 1/ Vp L6217, Vp [f2])

Ve CFI=<T 70 2 )p = < (1)o), (1)>]p =

Up 0F2) =LV, T2 )0 =< Cu0) (902 =0

WU [£2] =< 7,96 ',: F <(l,0)./(Xz/X4)>JP= Xa.(P)

Fe (T2 )= (1:9:X2(9) ) e 4p

IXyXsS E? deli leoordinat sisteni ve

Zauyz/yﬁ el delu' kéordfnat sistem| jse ,

F*(\/f) ‘F(P) X2 (P)a&3 I,:(,.)

koordinat sistedler) cinsindes ysa g olur, y
Teorem: F jEf R EN G sumbnln  Abrev déndsimd
VPEE" noktasinda
Fx * Tp (E") —'—?TF(P) (€™
seklinde , lineer Bir donl)sumdin
[spaty YPEE" poktasinda ¥ Gp ,Up e Tp(e" ve ¢ a,6ER igin,
Fx (a0p to Up) = o P (W)*‘b Fx(Up)  oldyiuan 3036@'@@5'2.
€N F=(flifz)aan ) £) loe ,Z Ft . =F  dor.
= Fx (aTa?}»rbU’p) ((a@fw UP)Eﬂ] L -,/(a 0, 160p) (mj}?m
—((a@pfﬂ] +bUpl1]) - L., (a ‘QPffm]*bUpffMJ» L{O
= (002 -, Ve Cend)t UL -1, Vel find)] et
= & Fxl0f) + b Fx (Tp)// |
Fx  loeor dé’nﬁpﬁ'm olur.
Teorem ’-(T«!')rev doaupumindn  matrislerle  pasll ifade ed:k(%f/m
Verer +4eoremdir.)
€0 de b kégrdinat sistemi, exi)Xa.--pXnf ve €M de bir

oordinat sisteumi fg;uyu-—-,jmz olswn,

Y VN N Y [N U Y O Sy W o N e Y TS e ey W— -~
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F:el—g ™ donjstim ve PEE" noetasl verildiginde,

P= (gé—’ le=13w éX/\ lf’ o (64162/?—-/6’\) 'P

PR <§W éém '"’aﬂnMF(p) E”EZ"“/E’")lF

olmak Uzere ,
1) = 2 3£ ey By (F(r)
Fr(ejle) = = 5—;’:3?-(9) Ei(F(r)
F= (‘F!/‘fz/——'/fm) J=1y2pm 0041

(\/eja Fak(a ’P) _{”" g{; pp e\ggll‘(p))

ispa{'// Pee’ igin F*(Jp)=(,:él \/F[Fe'] Eé/F(p)

oldyguav biliyoruz. @;: =ejle  Slnrsa,

N

=> Fr(eflp) = = ejlp 2] €]

ej)f Cfe] =<éf)')?-f¢'>lp ‘

eJ "(51.)/ 520/——’ 7 81\)/-- e SnJ )

L o e, off

U6 = (6L, 2L oo, BEL)
=> <eJ/?‘F¢>IF ( j%—xﬂ- + & '-Q-f—‘-+-=-+5'n\)_§>_(%)
7 = { ._EL ::..éﬁ-
=134 'l,o AXj If’ ,

g ) ! m ) ) i E °
O holde , Fx (q'p) Ea f -%%— ‘F .Et)F(P) Tzl 2,emp

Senuyg * Fx (Ql)(ﬂ a)(; ’p EilF(P) —)

=1
) |
M € , A €4
x(edip)= 2 2fL |0 € Fele. [=| 2f¢ | |ez
l (=2, SEE | €t]re) R [axg !
: ) én P mxmb €m A F(p)
| 4/
M : , f
Fde(en)(p)":é Qﬁ_lp = ’F(p)(' =20, m
=1 XN \)—'/2/.4'/0

Tomm 2 F: €N — €M ‘fbAu\sidonuAun

threv dénipymiiag  kardihe  geles



J= e(‘ﬁl{él——-,fmg =(a{‘{> .
O (¥, X2, -, Xn) SN 7 PAm

matrisine , bn ddadys bmln Jelkobiyerf desir. 1.12.1995/Cwa
Egriler : T<IR bir agik aralik olsun. X :T —=E" sellindel!

bir S fonls{yony VefH(-jor. Bu fonksiyona s " C‘"\V)OF v,
oL | g~ el
t —T3 R, \
\\\M—/

ab €k olmale Uzre | ] [

’

i+ IT= (als) ii- (a,8)=1  tii- (rom0)=T ve

iy = I= (~e=te0) =1 | olabilin u
ViER —> (&) = (s (e) o (k) .., X lt)

Toam * (EM de ejri)i EN de bir gri dige ,

o T —>EN difer ansivellercbilir  onksipna denir.
£ —5 () /e s

Eqriain - georetrile  \Yorumo ainde  inceleme yapacafiz.
tipargmetre , T 3 paranetre &algr. '
é'rmk// Dovrp ¢+ E" de P"=(f’an,---/ Fa) noktasinda esen ve

Q‘: (C“/qZ/'—., al/)) Vek{:é'rﬁne Paf&}e/ olaa CJC{BFUAU(\ Senklewi

R=(X1)Xz/---, Xn)
 :,’.0 62=6F5+ 5_;{
OR = OF + @
(Xt: X pev yX0) = (Pt tay, F24£9,, ., Pote %nvj

AT 3 En ‘
£l = () = (At L) Catd2, .| Frt-Ldn)

T =1k olabjhr,

bosto, €7 de bir epridir,
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Omd{.// X: T —> &3 | : el bk
+ — () = Beost ,asiot0)  3=sabit

a>0 Cembef  Jenllemidic.

3 X Ir(O/ZW)

Bmw// SDOALZ O 8b=sabit plmet Jzere

od-% T ____.351
t — () =(acoit, asint, bt)

efrist  dairese| (silindirik) belis —olasak  bilinir:

Ornckyy ol(t)= (2eon?t, Sin2t,28i0t) , o< t<L T/
= (0,7e) oz —bE3 |
bu gosterim ejn‘m’/\ pvam&frn‘@ S8 tesimidi'r.

Ocnel 1 Y=x2 ngabol.jnﬁn bir pafaﬁc{fﬁk goskeiminl bulsfim .
YzXt , z=0 A (t)= (x(£), ylt))

X=1, ’\‘j =42 jol(t)=(+,12) olur, Ejef;
X243 => y= 46 2 ()= (tf,t'f) olurdv.

.,,_f_i_ =| eligsing bir paasnetril  sesder il bulahmn.

oLbt)=(X ()9 )
X=ot = &4t 9t = = = bl (f-42
ar *}9& i j < (=t
y= Toif-42

= () = (st Fol1-¢2)



XZdcont , y=bsint ise
¥(t) = (2t bsint)

oy, X2 _ 9% _ 4
// al b?.‘

— | = 32 I”Q'{' bls-»hz'é_‘
X=acht , y=bsht chft ki o

A(t)= (acht, bsht) TEX

/ ¢ ¢ ~le ' t {
Duelendels bif ed’fmfa ( h/ﬁefbalu'/\) parametrie Oo's{:efimic)if.

Taam't K: T —e"  bir €ori ve =(v,00 ... olsufte
-&——ad(f) 3 (‘/ + ,Mn) el

VAET fein & nin 1 ye tus the gelen hiz vektord diye

/(f):(dou(e) dozzg_) N Aotnlt)
t a1 d+t  /x(¢)

tagat velbtorine  denir.
Geometrilk Yorum -

()= dte) _ lim S{E+AE) = ol (¢)
] Al:--JO LAt

> el XL — g
t = X (+)
ttat. — X ({+at)

« T

At =0 =D Q weeb P
—
X(¢tpt)-et(t) = P@

C s (t1at)= o (e) _ Pe
L€ AN

d/(f)’x({) °<'ﬂm Qf('e) de. {%Ct (ffé‘;fty.

Sonvg *
ornele L B0 ).l P ) nok{&mdm 369@ ve da\'yd/ﬁm&zﬂ/
Q= (\Qq,we,-.-l LQ/:) Ola/\ dejfvﬁw\ c@')QLQ/Y)lm \&}wzaltm

R — el
£ —u() = (P ew, F’z‘fth )., Pattin)

doftusipun P roktasindalk; {?e‘f velk torSall - bylalm,
(¢ (6) yi )



7S
«le) = (94, Wy,...,9n) = U ~

Hrz veltord, aeeje.{— \/e,wté'ri;'ale ayn gejd,'r.

(‘5malc// X R — gl
t — () = (¢,42,0)

°(/(f))a(({») =(1,24,0) pa/abol eofr;k;“n;'/z e velktdrddir.
. e
Brack ;) o (£) = (@cost, asint)

LAY

ol '(¢) | ey = (~asint, acost ) tefet veltoridd. (-remwm)

—_—

Toam? (Péfémetre Oe@pfkh'ji) T v J,IRde ik agqik arahe ,

X¢tT — el bir efrf ve h:JT — I bir difrasiyel -
+ 3 o(¢) S = h(s)=¢

lereblli'r fon lcsy on olsun.

-

p=ooh =(h) # T —e"
S —» X(n(s)) = L(s)

bilese fonksiyona bir paametre PiSlGi deair.
Dsha dogrusu * nin - parametresinin  h trafindsn
cleglstirilmesi ey |
Vs€J isin , PB(s)==(h(s))
oraek ((¢)= (VE,60¢, 1-¢) , T=(0,4) &risl verilsin.
€3¢ h(s)=s? ve J=(0,2) alrsak ,

ht T —rTIE
s — h(s)=82

p(s)= % (n(8)) = (X1, 02 ,x3)(h(s)) =<°(4 (h(s)) , X2 (h(s)) (h/S')))
-‘-(5,53, | -3%)

- ‘ / e | R = 3 2
€ — x(t) = (€, t¥E,/1-1) 3 ) pes)A(s,854-32
=



.54&1/, Farametre - degigimi, epiler igin  bir denllt bgpintisidir,
Teorem* EJesr R-efrisi & nun  pavametresinn h terafindan

acsistinilmesiyle elde edilmisse |

(pl- 98
B()=(22) (s) /(n(s) 2 ’l LN
sdx

1'5'03“:’// ‘X”'(D(I/XZ/_-./MA) olsun.
=5 Bls) =X (h(s)) =(xp,0z—- , «n) (h(s))
=[°(4(h(s) dofh(s)),-.., Kalh(s )]
Pf(g:é‘é&sﬁl [ o (h(s)) ,_. X2 g(s)), .. . /4 o(n(nls))]

_[dxi dh dep dh,_ ., dxn dh
= pl(s) = [3— e -72';;,‘” /IR st]

_ (s) = (n(s))== (¢)
SIS X )
— |

doty otz do(n ah ‘
(dh/?ﬂ"’ Zhalin] )lﬁ his) ds ls

(e dea |, dh(S)
- af"%&” T? o%))ms)

S
IS (5) = "U(‘f) h'(S) (Hjm ejr:’m’/} dﬁgf.}l‘b hizlarls ‘c;iez'!nw'd};c>
o /(i) '

Tanim * <$ka)ef Hiz )¢ T —3eh |G Aejri olsun.
9(t) =°4’(f)'o((+) Veltordnin Y4+EI nolctasndaky
bl | |

Q ()= [|Bee))) =lx 10 |
ifadesing % efrisinin o (t) noltasindaki skaler hizt denir

(Wi velekorinin  Aofmuna |, exrinia skalor hizi | deair.)
(boglety{une )



\ t { § .3?.5
Tonm * (Rgt}ly gqri) : Bir o I-—+—pEe” egrisinin Vte I Jigin,

hiz veutdrty sifir velddrden fertel ise (yanl 5?{&)#5’@)
o ejrist REGULER “dir denir.
senvy} ) £0. <= '@l # 0 §
Omzk,/ (i )R — ER , orlt)= (¢,¢%,2¢) &frisinin requler
olup olmadign asas tirn.
o) = (1,24, 2) = )\ =17 qe7+4 = [G14¢¢ #0
= X/(£) #0 olun Yaal o Ffllerdir.
Taaim : (B!’rcm el eri ) Her noltadski ha welf.%oru,
bitlm hizl; olar €frige, birim hizl_ejri denir \eya ,
T — e bl %Tm' olsun. ¥t&ex isin ,
”ol’/%)l":l Ise & ys bicim__hj2li_ bIf fgﬂ' denic.

5”@ // 2T — S
£ = eft) = (cpst, sint, & ) | Aa=sabit
rist verihgar. & bicim hizh mdie ? |

o /(t) = (~3int) cost, 0) => || “’(t)}}=\’§io2{fca3?£ =1

oldufundens &, bicim hizli efridic. | 8424995 JcumA

B e mt e O T

Tenim ¢ Yolun 2emana 32:'@ {. turevine hna‘de/ur.'

a- =x:T —D€N  eprisinin hz veltord ol'(t
+ — ol ()
Bu vektdrel hi2dil,

)= ) e
at

b= [lwt))] = ] dw“" skaler Wz vesir
c— ') bellj ise X(t)F fol’(t)d-t Y tulmale éueklf
(hizin integral  veltorel olerok yeolu Venr.>

d- Staler hczm mte:grah alm«rse, =

N B e e s <

8o «; Jld’(t))ldt —f IES M ot

S . S

ol éris‘.flm'/; Ea,bJ aral@mdaku Y&y uzunwgduf~




"évrnelc// X:T —g? -
t — ¢ (e) = (acay&,&&nf) , 1= (0,277)

ise - gember gr.sim‘n Y8y vzunliguau (veys gev%fnf) bulalm ,

27 o7
Sto,2m] =0 el dt = adt =27s ol )= (-asint, e 52 )
(o] 2] .l
3 I«“t)]]= a
(13 (%*me gevle vzunly§u
‘ 2Me dir. )

Teorem: H*:T — e /o f‘ecgi')’ej bir ?jﬁ' olsun. ¢ 'nin b}rim

hizh olacak sekilde bir § p&rametr{k gosterini vardir.

spat, =«:T—gh T €’
F / e L. EV - S, SRS /ﬁ /@
Sabjt bir AT nolbtasi alalm.

J=(at) olmak Jzere 1Ydy uzonlygo _—fon&\swonunu tarmlgyalim.

S:JcT —» KR
t —> s(t)= f Ho('(u)U olaral tanmlaniyor:

/—-—-N
2. d{é)’f) B(s) c T — EN :
I S = ¢ n
T~ sl-t) /}3 S Qls)=00p 3

J'
<=pos L. Yt i @)= (Pos)t =R (sf)) - Yaelabilir,
o rgulg 0ldujundan é__t);eo 5l x'oll= || i“_‘i)[H-g- T
St)= .( o)l du idi. = -‘5—5- =|l«'(e)]| # o
Tes fQﬂké&ph tanmina (teorene) sére / , 1

t——h=s(t) => s —4=hI(s)

.3’%:?;_ ; p=Rs) grisi isin
¢
pild g’
s — f(s)= xos—! = o (¢)
dps) - do((«l-)-_ szf —y dpls) _dxtt) 1
ds | ds T ds | d€ 145

T

at
B'an bicin izl oldyguau gostermeliyiz,
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Jdals) |[? Y Jdp(s) do((-é) 1 decty) 4 ~
"dss“=< 5;3) p > =< _j%’?f §%>

< dodt) d 12 S

( ~dt
LT l dellt) ”
(%%)‘

yraRlRal -

her tegiiler ‘3“’“" oitim izl 34 4('::/00'21 v@‘dﬂ‘)

dd&)
ool S s g

(0 halde
Sonug : &ir regliler ¢frinin 494y v2uLNlUTY  ciosindes pasametril

Yosterimi birim 2l dir.

Ornel , ol: R —> €8 Sledade] e .
t——ix(t)‘(écos{:,asinf, bf) ~a@>0 4 b #0

exrising  yay uzunlu 8L cinsinden Faramefn& Olerle \9";s£efin
S(t)= f ') du => a=0 \Qo/aj hesaplomst isin ©=0 olsun.)

R /(t) = (—&smf, acest, b) § (ﬂ'f)_—’(o’t) e i i

Jxoll = azrez = s(t)=J FHZ? du

=3 S(t) = (\!Z\Jz_v*bz)t y m’% =c olswn. (ksatma Isin)

S sht)= et =2tE 2 =2 p(s) =t (S)

= ps) = (sc'o:.\ (2) s’s:’n(-g-)/ b(-g-))
&Y 4 Yay peametresio cinsinden ifsde ettie.bu
\335&61.’/»1:’/1 birim hzh oldygunu @bis‘te.re,h'mt S Y8y Py T
metresi midic 7 bwa bakalim .

Sonug ! pUs)= dz(s) (—aa' 55“%/%"“5’%) "

"?”(6)”-\[7 smif—-)-r 92 ca,;z(-s—)-l-.h__ is c_.oi_fle_z:f_;_:_ 214 "

© helde S, Ysy pardme'tréaicliﬁ



| ’Tamm R:T —€e® birim hiz2lh bir egr{ olsun o

" ” ” ;3’(3)” =f =)l % —E'@l =Vits) veltory , bir birim
vebtdrdin T= & S5 =P veltdr alsamna &rinin bicm M tejet
veltor alan denir. Ysni, R'eY(€%) deo bir veltot alaadic

Tanim : T ~——gl e e@‘m’ Olsun, s =e((s) , s Y&y
parametresi olsva.
c(':i".‘. ® _i?:(_,_“ ) oM = N
ds* d§h
olmat leere bir S komesi |,
S_:Z‘d q// nz L] dm)g < U(eN) vef”{'yor-
S lineer bagimsiz. veya 63@,4/)}1 o/aén/.r Cabul edeliv bt /‘<n |
olmak zee , Eu( oy .., o d? 'zumm lineer b%OIMSIZ Dlsm.f
sp=futel, a7 bosyma /d”/;'-, o« o btdclerinin
9erdiii (uret-tun) w28y  denil: |
@rahm - Schmith or-&oaon&hzs&;on metodenu yyqulersak ;
Ey=et! ) g -l o i€ g | f=ly.,r
ST EHED — s ey

formuliyle  bir Oféodonal sistem elde edersel |

{22, €3 =) g («(1)-6./)5._ "_ <°<”/€”i>5
J= <€, € <€u€l>
el ks ;,({1) L @B),ED €)= oAVl ED o _x"/Ead g,
: I CE),E4> J€l? fHEll?

3€nEq,_.., ECT oréo\gon&' Sistemi bulunabilir,
Vel= l—"sé’;?i olmak Uzese, elde edilen yy,Vp,..Vr{

ortonpormal  Velktsr alanlary k!.')'f}')e.u'oa gri boyunca ,

Ser@— Freaet r-&&akhm além ole)};f- E\g’ﬂ‘ﬂfn her S

i e

noltasindali ZW(s),vz(s),--.,Vr(s)} veltdlorine de

Freset velbtorleri  dealr.
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Uisaca Aelrariarsalk: ¢

o2 T==D BN 1egnisd ven'hyor. Sl o0, ‘_./D((r)j, kiume sl
S — «(s)
lineer bxfimsre olsun . dBrehm ~S¢hmith
metoduyle oftqyonal olan , 2E1,€2,--., Erl klmesin nofmig’jaxak
SV N2, ooy Ve ortonotmal  limesiai- elde ediyorvz. (unles
veltdr algalers bivesl ) Qv vektdrlerin  hesbitine de Sesret-Frene

r-eyakls d@omz,

Bmeb.// X: g —> ES
+ () = (¢, t%t)  veriliyor.

8Bu gv?r?m‘n Sercet-Freaet r-ayatlising  eulalm.
o<’.—’(1/2f/ ‘) °(//‘=(0,2, O) i’ii“(o/O/O) /_,-‘
Nozer 6 ?j‘, wmllar.
AR Y7, 68’7/;0312&”-.
r=2 dift g1=et’ olsun.

Ep = ¥ = <xther> Ep = <. oy 2> s/

<E1,€0> e/, /D
g XY, > = 4 E2 = (a,z/o);—‘;lz—fr'-'gi—z- (1,2¢,1) g
Cotly /> =(|at)? = | +G¢24] = 24412
Ly e, = (0r4r6€2,0) ~ (44 842,4¢)
24442 L1 Lol ]
€, o (4t 4y—4t) _ (26,2 ~2¢)
e 24 4t 1t2¢2 /4

Vi-= E'__ =1 (‘/2{:{_!_);
ledl  (zrate

llea) = 4 (\ls&l%{)

b {1

14242
1
b | 1f= 2,-2
=y \p = E2 ___(442{2) ( 2'6{ 3¢ = (¢, 1,-+¢)
leall -2 _ (1122
| Nit2¢2
V= (B2t d) |y, Lt dmt)
(214t V14242

O holde Vi, Ve § 2-dyakh Frenet alsaidirs



birm veltorlerdic ve birbirlesine i eticler. (of-&onofm&lc{cﬂef‘)

e" /ﬁi boguea hveketl! veltdrlerdir.)

=

Vt'/ VJ s 56 ‘1,);11 :’) 2
n=3 ozel halinde * T

e e o, S

1°) o«: T —s g3 )
S = X(s)  §,Yay paametresi olsun.

o/(s) = d:és) = E(s)=et’(s) = ||E1(s)]] = || s =

=> [Tl= _Cdﬁs‘_ -V((s) Ye , % 'nin Grim {ge.f velbtory desir.

T=V=§S— vebids | Aladink birim +efet velter alan denlr

2°) Grohm —Schmith metoduy uygulamaden et boyuacs
ortonotmal baz veltdrleri elde edelm.
KnT1r=D) = <150 =
=)<d—'£ /T>+<T,£‘_I >=o (i Gpvda  defifue o)dyé;und&m)
_>< ,‘T>+<°‘T/T>-O => 2( ,T>'o '
= <3§,-r> =o- =>(-3I‘-_L-r i
Her birim veltarllny +irevi ("{“urev ve ltsr) ) lze/:d:stm, dittin
Odev , Nomu sabit olen her velkdriin tirev veb+8nd

keadising of%odonaldu’r;» :

3°) Eg_— aT |y, - B2 . fg A_(w)‘ i
ds UE:_H ” aT ” “ d x:“ Jloctt |
TE £<_ =c¢/

ds
- - - I‘*’\\\. i a _u
PUTEVI= &0 |3; LF{&gt velkktory
{

£ x/
=) - V T e — JAPN L
L’Yv | 1 e 2. Frenet veleory

i dix
d"dsi #O)
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t

Tanim : ik Bve B veltsrlerfaln  yettsrel (dig)s

Gespimi Qﬂe bic O veltbridir ki ,

£ sv ozelliler) sglsr :
= W= UZNNN st (obybLlysl)

——>

14 = nin dogroltusy her ki veletdre dik olacale §elu)ded:r
{i- W nn_yéal , 3 vel ile bir S&p (pozitif) g pouu{smw
sistem teplil edecelk geldlde dir. >P

O halde :@f\?/\?, \tja‘zlhl‘. ﬂeaoatz{
Sisdem

\/3 =\y AUz  seklinde ise
el = Iy Vel = ol e s.nl >
= |[z]] = 4 birim vekt rduf AR

Ve(s) = B(S) = TAN

‘.L Vz den

Tanm Z?(S),W(s),?(s)g UglisGae, gfrinin ex(s) nolbtasm dakt

Sercet-Freret 3 qyaklisi (veya veltdrleri, Veya leisacs

Frenet veltdrlerl) denir.
Vi(s)= T(S)? oL nin (s) hoktasindeki birim Aefet veltdri,
Vo(S) = N(S) ¢ « nin x(s) hoktasindabi  binm a3lf ”Off'j’_é?’
veltort , (bltim asal nermol vektord
Vg(s) = Q(S) T X nin «lS) noktasindaki- binormal ‘_\(egw "denic

Bunlar, efrinin yay parametresgj/e veriimesi halinde sesenlidir.

herele tli Loordinat  Sisteni (Frene t Sisiem )
D¥nme ve {televie  vardir

Sabit veltorlerdir. Titevleri genelde 0 dir

thtevleri Sifirdr, £ |




£

Teorem < (E5fi, keyf bir padmetreye gore verilmemisse ,
Freret velbtarlerinia navl bulunac agtm vef@_:b_eoremdt'h)
®:T — €3 birim hizh olmayan i epri- olsun.
Il =) S| #1  olsun. (£ yay pasmetresi defil, keyfr bir p@fdmcfre)
Ru taktirde ,FT,N)B8( Freret vektor almlot * :

T= =/ | N=8AT , g=AXl__

ffoe!If | flot Aot ff
8 : req
N +3ond.e, hyeﬁet‘ edilirse L}—,e& t

bitinden d{Seri
T elde edilir. e

; 24A02 =e3 eer4=—-€3
TAN =8 NAT=-@ e heg=e| | ezhez==-¢y
NAR=T RAN =-T esher=ez ) eghes =-¢,

BAT=N TAB==N
N 4
Ispg-(:// {2 T ——iel Verilsin Ve ?ﬁ’(t—),w”(t‘)g lincer béngSlz

t — X (¢) % x

olsun. Grahm- Sehmith or*:odmfsi:’aa U

| 8 ErudZ L

metoduyls , J&, €9 { Limeal elde edip buradsn Vi, Va3 Ofto-
Genal kilmeyi Ve bunlaria veltdrel sarpminda s ed

ortonormal lidmeyi eMe edecefia.

E = Vo) e D e XU ==t
Ej =’ = \/ = T P
Ex() ) =T = 5 TR

pl8)= = (£(s)) s S Yoy paametresi olsun,
o/ A ..__ R(s) - 9B ds_ - '

i S 98 dt > 1%3&0. tdre v’ ,,’3 A
e S 99 paramtrey tifen ensinder goaild
2 oL
AR g% (d L [d] _ﬁds) )ds_,.dti,
dtz  dtl\d¢ f ds d+ a4 dsz

o I ___rd' dﬁ)a ds L dB dis
dt?  |ds\ds/de |t ds J+2

di _ d2if /Js df d?
=> K= = A
dt2  ds* df)+ds dt 2

simdi &/ Aw!! YW Gulahm .
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- d" d zo( dﬁ : d = | d p 4 2 -
S A 3 dt A d€2 “\ds dt )A ds2 ('—S‘) +-é'§—-d-j-)

ot ds o2
(SN N (I3 T STAT =0
a$s ds&
=3 ) ¢’ // dlx ojﬁ d2£ '7
} Aot at dtl ( /\‘:"81 df) E(

T= —ZLSE (irim  tefet veltdr.)

: d26 ' - . 4 dt)‘g
M':--...---——";E“ T LT = s C:J:‘dsz
S
2
Todf o 4t - 4L

=] ol Ao sn“nuw 0

ds2

o[ = A2 | (2 #UEL
S L i [ ,‘,‘V“.‘@

O ‘il @ \9' orarlzrsale ,

Sonug Q = 'A°<” ISR IR ISA
// ” ’“ hghs

A reseé

Ornele, =2 T —2€3 , | <(&)=(acost) asme, bt) gprisinin (270, b#0)
+=0 noltasindalkl Freset velktdrlerint  loulun. (3 qyalkhsin bulun. )
°<’(+)=(-au’nf, decant, b) =3 e</(0)=(0,8,6)

vc”(’c)=(-acost,-&sa'at o) =) x’lo)=(-4,0,0)

i U""(O)H Jsﬂb? ( m'?e' a+ez>

! fo) Aot (0) = f J L

= —&( a?) ‘

'éOO




Jlex /At || = & (37502
_ ~a(bj-ok) _ =& tal

/(o)A = (0)
AyAa?+b? Va1t

l “'(O)AN”(O)N

—

T (o ) = o

..b12 o @22 )
Q46 | al4p2

O halde iplemer dogrudur.

N(0) =t = (1,0,0)
() = (3643, 347 1443 &risinin

e')'mek// KR — 3
Frenet  veltgrlenni byjua.
x(4)2 (5=342%,6¢, 3+342) =3(1-t2, 04, 1+¢2)
[Ki(e))] = s fG-egt +lzeye +(rer)?
=3 JT—z/é/ZH-‘v Oy
?3 VZ+4ti7244 = S 2(1+¢0)2
[ @) = 307 (1+¢2) 1]

- el | ‘(4-"&2_, 2%,.1{%2)
Nl @ (re?)

M= g(-2¢,2,2¢) = 6(-¢,1,¢)

o) U] Ve 1,5,7 = (8] (120){ - (2¢)] +(14 )T
i ; 3 = L )J t{°)

/A | = 1§ (et )2 #(-28)2 t (13 42)2

= 18 {4
= 182 (1+¢2)
o TN XN 144 (tl-'f ‘26, 1"7‘6?')

= ”g(;Ag(H” T (Z(Hi—z)



87
2| 3

\Fz (uet)ﬁ ( ”é’)

J o &g
# / -2+ {+t2
{1-¢2 . 24, {+42.

N BAT = —

NP [T -2¢=-2¢3-2¢-283 —"—){4—4-/-1.“’-—/
2(1+42)° «( I )
+k(2t3-2f;z-e3+2¢)]w | Raleiid 1o

N _ a 4
» Wlel ot [ -8e0F (2- ze)Jj
(14t 7 + 2 (1- 62) {t¢2)
N a.(lﬁ-?)?-( gl ( ( J) TR
- ”“ (-2¢4 + (1- 1&’-).)) Hti (*2«&/1 e’,o)
Prooleyles

{— s(t)= (cht,sht,t) eprising By ,oarem_afr_e,&;” Ac’ir;s:‘ndm
pravetrit olesde ;f‘aa edin. o | .’ |
2- %(8)= (iCOS Sy |-8M5, -2 cosS) egns:’ f'gin S 'niy
Yay peametresi olup olmadt\som arastiin. €5er Yay. ‘Paravet -
resl se Freset veltdrlerinl bulun. |
3~ ()= (26,67 &) Frdet veltdrlerini bulun. .
4= %)= (¢, f:t‘i’ L’f}) ed““n'sc'm'n (l,a,fa} nakféd:ﬂd@ka'
Frese & velct orierini bulun, | AR I
@wmv | -INE. )
(- Sree): f llect )] d €
s¢e) =S JI*'(u)Hdu e |8l 2 |y balr b ol =/ e
5(f)=oft|)°<’(v)n dv |
/= (sht,cht, 1) fehze—shit=({
Ne<!)| ={shztgeh i1 =Lech2t =2 cht
</l ={Z <h(v) | I
s(e)if?z',ch(u)du = Qshui;“—’ Y2(sht-sho) ={zSht




Sht=s =) 4= a3rgshs
=(ts)) =((5) = (ch(argshs), sh( oy shs) , sryshs )
= ((Tre2, &/ ardshs)//
2- G'trlncf torevin nefmy 4 olmalidr.

<'(s) = B 8
(5) = d (i:sm Sy —<coSS, L SmS)

“0"(5)" \/ 16 sints Heos? .S‘fB slats —\/giolsfasls =/

0 halde s Yay paramet res (dir:
Lde (]l e + 23
i -< < slasy Coss,ssins>

d“"c= 4T = (-4 s,slhS, 3 c=5S ™
dst | ds (SCOS’ ’5,5>

dvio( |
TE e ol
ds?

-2 = { I |
6= Tl\ﬁ = |-issins -sos 5 Y sins
'V&’ags sins j Vs ess

= Q= 1(., oy 5_},5“,23)-J( l2 casss{'n .é.cosss:ns)fé(ismzs 3“:455)

3— (t)= ,(Zt/fz,%g) Tl R &AL,

«/(¢) = (2,28, ¢2). | T W P R

| %le)] = (4 +4e2+8% = 2442,

e S st (s, )
lle#]] 2142 R i L &

= (0,2,2¢) =2(0,4,%)

4 ’

; , :
A'p =}z 9;?) £

WV AEDILCNE T 2T
ST 2): 1 e J
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—‘””o(’/\ || =2 (¢4t qeitq = 2(e%42)

o<’/\;<” _ o (k% -2¢)2) _ (f,z-ze,z)
Il oA o] 2 (t2+2) (¢2+2)
y =( +2 /— 2+¢ Wi 2 ,
+t2+2 t242 4242
: Al | N W
N=BAT = —— 2 ¢ J Kk
. 2+¢2 1%2 2 LTl
2 A€ L €2
L ’(-2&2”—(-&2—2)J’-f26'12°)
(tRre) R RENETE

Bir Esrinin OSWULATER HIPER Dl2Lenieri
Tonim P Qe o T =2 " efrisioin Oir X(s) noktasindaki
Freae + = ayalklist z\h(S),Va(s),---, Vr($)5 olsun.
€N in, p<r olmak G2ere ; Sp =L VI(S)N2lS),-n Y (S) T
veltdr uz;avp ile Girlegen afin él# v2ayina , o< prisinin

«(s) noltasipdaki p—HiPER DU2LEM( daalr.

Y Xoy dinleni (z=0)

=) Sp 2‘/-?3 veletor 023y ile
biflegen afin alt v2ay.
Yoz dialeni (x=o0)

=) s,o=2':’jd,E’_? veltdr U2yl “ile Elfleven &fin alt vasy .
Diielon: AX1BYTCE+ D =0  dizlen denklonidiry
L=)p: PEES N AX(P)rBY(P) rCZ(P)+D=0 § hvasidn
Hiper Dbelew 2 H=3 PPECEN A APU(P]F Az Xa(p)t-. -+ AaXa(P)+D =0
kimesidir. |
ALX) + AeXeteon YAN Xn t ) =0 '-=3i§ A[’X[ t0 = o,

hiper dizlen denklenidir.



SNPRVINR
Dm‘dexw( : M(x@,yp,aa) noktasinda  gecen ve V(md,,)

Aol M3

veltornin  dijalem  dealelent :
My 2) dirlemde heoelketlh bir nrolts olsun. M:;VI.LV

_><VIMT;A> =0 = @M ”(X(‘y/z) MO:O_/”Ma
= A1) 16ly-yo) +c(z—2a) = T"/; |
—
o

=3 AX*B\V 102 +0 £ 0

f\ok’casmdaa $esen ve \f (A, A2, AA) ve ltarjne il oler
Solem deallemi =

fY){YI/ \’21---/ )M) y)l'Fef dUZle@ bl'.f bQ/élAQtn ﬂb‘t‘fa/ .:

—_— =iy —— =3 — vV
=) Mom L v HLMpM,V >=0 ]\v o

M
=) Ac()(t-Xco) tA; (Xz-XZ«:)*’--x t Ay (XA‘XW)‘O /‘\LWO//

= AXit AzXz to__tAaXn 0 =0

hiper ddzlea deallemidir.
BoyH = n-1{ EN de
60\9 D=2 , €35de

DoSfu MQM (U;
- - denblomi  bulmak igjn ;

M Iﬁo()(a,ya,Zo) doFCu Jarinde Gr voltay ve
/ﬁa ‘o V' (abre) doyrultman  vektord  Veilvelidir,
MXiy;2) dojrv Uaerinde hweketli bir Mokta olsun.
—ly ] - =
= Offo * ot , Mo [l 7 ,=> Mo =2
67?‘:07?)0#9\7 ) X=Xt Ra
' £ YT Yot b ; doffuua paranetrit deallewf.
2= 201t 'hc
370 Ab#0 A0

= (X=lo| o Y-¥o . Z~20 dagrunun berteayer deaklonidin
S & -4
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e a=0 ise V (0,19,e) -

= X=X =0 , M-bo = 222 o0 berderyen donlelendir. -
<

£" de Juellz(sémrsek p;

S A > e

Mo(X10,X00 s ~~-~, Xpg) NOktSsindan gegen Ve —\7(61,82,--/84,'
velktorine paalel @len clogrunun deslelemi ©
07Y>9=©—/;I)o + AV ise Xi= Xiot A3y

)sz = Xoo t282
Xn = Xnot Aan

sellinde  parametrit  detllomdit.

Q) FON 82FOA __ANInFO  ise
Xi=Xio — Xo-Xzo — __ . _ Xn—dno
< S an

e/ deld bir g%’m‘n F’fe/\et velaeor 8’535&1:50
T VI(s), Vz(S),VJ(S)f =3 T(s), ~1s), s(s) f

oskulata € 7
Dulwv\ )i

—> U .
T(S‘) Nt
\de/_,

Tanum i‘l‘?&%ﬁf Tis Y N(s) S veltdr veayl ile bf()e,sa_) afin alt
L)za\gla ;X gprisinin  o(s) N0 btasindakl Osklstdr Dijalemi
denir.
2¢) SPZIUES?/E’(S)} Veltdr v2ayl ile birleses afin sit
v2aya, < gprisinin X(s) noltasindalki normal alzlevi desif.
3°) Sp 2T Ls), OX \/ekéé‘rvuzads ile birlegea afin alt
Vedye , % efrisinin X(s) noklaynchli ekbifien dizleai dedr:

o T Py <



Dogruy DMUGMWI :

B R i B

a) Tege t doérusunun de/)b.le/vn .

J —’_’,/" O(:I-—-) Z&
ey A [ b -5l atle)
{

=

-~

e
= d+ AT

(Xlﬂlz)= (°(l/°<li9($)+ﬁ (T_I/ T2,T3) veyea
<zt ft) = T = X!

X /= e
ffect ] at
=) AT =/uo('
= y= Z’Jr/ux/ —éeje:t darlleant,
b) AsIf nofmal dojrusunun denblemi *
o )
Tm —F— N _i ; v
2\ ) T= Xt AN
\\ 3 =2
o
<) Rinormal  dojrusunua  denllewi *
s —e(s) s ydy paemetresi
S * — —
A2 4l PEreg | | e
RN
L\\‘“ f‘o
4l 9)A X & e
& D (t) t hehagl bir | poametre
Bo AR e dx el dtx |
Mo Al =r3 12

/oL/\ull => J:b(-r/“( ’Ao(”)

HEIR
Syl dojru AyAL dgrunun denlelemidirn,
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Dlzlen Dentlgwleri £ s
. l A _I //o
,/o : G(s) -K&g/\*‘-’
R LY ‘
\\“
/\\\
5@5
\
T(S)
. Notmal Dijzlem ¢ @"’ f"’E‘:‘ H/
= S (s ) M
syéj P ¥ dme frest- "
T iom = <T/ Mom> =0 '!
/o((s)
= (X040 ) Xg) J = (30 192 /33

—3

MoM = M-Mo = = X(s)

= (y1=1) Yo - “2/33-“3)
= (TIITZ/T3>
= <T/ Moh’l? '7’4 (m—*w)v‘*‘fz(yz ‘,_'dz)*"rz(:}s -°<3) o

/)— X:T—sgl | J //

£ () hefhzvgt' bir pyametre

o - / —) 2 ;
T = dx Xl = Mom ;%X . > =0
ds T !l A /H«'N

= " '“ </Waﬁ’) !> =0 => <ME./’Y)/T(”> =0
ol

) <mom J d* > 20 | | Hodmat | dizllel denly e dir,

A e~

e ,Ni.,,w e

b— Oskdlat ir Duzlem B(S)

{— X:T— 33 /Kl /
S— «(s) s 3@3 pravedreyr. ),
— J
&(s) L tigm [/s)
= A

<IY’;7Y\ ,4?{8)7 =0 9
= & =05 ), Bls)> =0

M- X:T g3
t = X (¢) t, herhayl bl paametre,



U R s La e s AN L
B(s) = H«x’/\u“)! > <Mom 1 -—_——““’M”}I > =0
1 { ‘/ ) <mom XA =0

ot /Aec!

S

s i, <nar> =0 5 k[ T
c— Reltifian Ddzlem * N(S)

e e e

Mot o N(s) /K] /
\W;”“"““;’\* et e e T e
# = Mom, N(S)7 =0

Bkﬂek// IR —>E 3 »
£ —> () = (cost, sint, n(-éao )

egrfsfnm P=(0,1,0) noktasindsll oskilatdr normal ve
rektifian  didzlem ' denllemleriat ve tefet ,normal ,binarmal
do\sru deallemlerini  bolun. |
P=x(t) => (O/IIO) (Costjémf, In(éani:))
= coyt=0 4 sint=1 A htng)=0

= kel
f= 0((172
4l
o(('ﬂ/z) (0/4, O) / o(/(f) :’.3.—-'3 (—S)Of/COS’{Z/ ?&—-5—;:2;? >
‘QS{Iz?-
= ( Smt/ @J'&/ 'f)‘t

a'%k)=(-no,4),

x/(t) = (—@sé, =5int zao3t

d-ti sinz+
°‘”(W2)-‘ (O/"/ 0) =4
: : R
Q) Oswlator dibzlem dealleni ? ] D>
j | M
FNMOA/
l LS (Th)



—) 3925
<MO/;4/3)> F0O = (/n-a—;”/ °<’/1'°<”>1L=Q 3 T

= < Mo o ifott > =0 Y= g2, 93)

L
Mo = M=Mg= 3—:/77/2)
o st el SR
= | "2 0 1 |=0
o - 1o
=> { Yi Y3|=0 = Yitys =0  ostilatir dislen dertleui.
-1 © E=(l/0,10)

7(;/: < ') =" (=l 0,1 E;: Ao (!
4 Il vz Jls At ]]

‘@)= (-,0,1) *"@*)=(0,-1,0) .

4 4 le
€)' 182 €3 . e .
/-1'0 1/=,E‘, fl=e3+e,
| 0 -1 o || :

= k+ 1
°<,=(//0/()
B by P 0 Oy oy B L e e
*)7\7 L‘:AT ""\{—Z\fi i’ CO) : -2'(-ez> _1/ ‘4‘

<Mom N> =0 => (91=0) 0+ (ye-1)(-1) +(y5-0).0 =0

=) -‘\\jsz =0

fek%ifya/\ dizlem denklend,
Hdou: Normal diblem  deaklem .

LAY



qu‘c J)xggruwnun -Benlelemi |

=
v

57.—.;?"'??(’ N
=) (yl/y2/y3> =(O/,IO)+?‘("/0/!)
JL=—IA
y2= 1 1| pametrik denklen.
I
) Yo =1

(3.42.95 ) Parar.
- EGRILILLER -

x:x —Eg" bic gr. olsun. X nin X(s) roktasinda ki
s —3 0d(5)

Frenet r-eyakhsy Z\H(S),\Iels),-,_, r(s) ? olmak Jwere ;
A Aln fur(gu@r)[e ol an .

ks T —3 R - orfonsrmal 692,
§==ki(s) = <Vé’(3) Vi (s) > e r

sellinde tanmh kil fonksiyonuna < egrisinln £ —iney
%ﬁrmk fonksyonu ,VseTI kin ki(s) reel saysina da
o nin ¥(S) nolktasindaki 1. frili§i deairs
‘ ; /
V¢,-= _d_gt_- k((S): <V}S{ V??

48
vals)® < V2 ;)\/3(?)

k- (8)= <Vf'—l ,‘\/r 2
Szl olwst : €% de, {v‘s’v“’vgﬁ ZT(s>,N(s), &8

e i e S

e
M=y (s)= 4 Vi '(s), Vo (s) > ’<‘T{,Nc> : 1.<><gnhk i efrilik.
Kl‘itﬁvw“*\,——-"v Q"’f 3 ‘”ej"'”f“-) //

rm——
——— e e e S il

Z-— kz s); < \/z.’(s), U3(5)> <N ,G t2.efrilit ¢ burulma y

L o e ezt e T e

Ornek j X : R—>E3 ——
i

870, b+0 , &b =sabit

FEPTR . [N T T (— prw—" [I— YR " Do apa— .



?:g"f ISy Ve;ih"yoh Bu éjf infa | bir &  aoktadindald *%’hf/,‘&le/i/)f bulahm .

dX(s Al gt S
o). (’c—s’”?/%”“%/-ﬁ—g
x| = F =|
- X! =/ / /N =
MR R R )
T(s)= (- @sin%/f—cos—é—/-ﬁ-)" Vi (s)
JiX
Vo (s) = N(s)= L = _dSE
s |l 2%
| el
/ a a2 s
i =é_'rs_=(_5c:$2€- s —=2 sIn=,0)
S Ill- B -2 |
B2 (e = )~ 8gin3l o) 3 o+
S o AP LT el s
rasl) e (e g a1
ax=p

= N(s) =Va(s)
ky(s)=< (s ), Va(s) >

= T(s),N(s)>
k;’x——51415+§m312~=.§;
=) 7 '}’l(

}fb@ //

R(s)= Vi(s)= v,(s),\ Va(s) = -rm/\ u(s)

Y -
= 1 J k
= ‘%sfn-} %cosé. —2—
-‘cas-g- ~sin S o
=((esinE)-T (s 2)rT(2)

ko(s) = T(s) =L N'(s), V3(s) > = <m(s)/ &(s) >

“s)= (L s Loss o)

bt ==l
=) Z\(s)= = S oo burnlma

32



L Frenet Formblleri (deatelonleri)

n=2 &2l halinde (3 6ojutlu Sllid uza,“/mdcs) ifode. e:leaaé‘}z.

=33 bir Fejé’l&r ql‘; olsvn. Ric SE€IT

i il —
noktasndati Freret veletdrleri 7 Ni(s), Vg (s), Vs(s) ] veya

Z‘RS), ;J_,(S);E(s)f olsvn.

— -9
TUsy - .djTLSJ. =3 T(s) 4312 N(s) +o13 B(s)
S

=4 F— g
I:;'Cs)-—- aNG) _ 524'72(5)“‘ a2z H)(S) t 323 F(S)

a3
B/(s) —;‘_‘EL_ELE) = &34?(5) +é49__l\_/’(5) T 833 -é(S)
S

en &2 ez || T
= | 821 @22 Sa3|| N
83y 832 832 @

T\?(s) = _Ii(-s-). =) 'T'I=H T'Im}j;—
(Rl L

Sy =Ty T2 3 {apyT 4 N+ R, T

=3, KT, T2 ta12<N, T2+, < 8, T Y
TiT )8 Ta

Ay =<TLT > =< TN, T> =0
-F/: /}-_F'Uiﬂ EdTtenN +ta30
= ay=0, =T 8o
Ls)= CuiNe > =<Tu> =N > = |7/
5 ) = il i P

= |l = f‘sl = 4N omaktadit
| bl il

N ™

LVN>l=1 =3 f‘<“’N>=O =N N>+ N> =D
; ‘

oy 2XNIND FO L =) LN,NL> T0 28, = NNy FO
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LTyN2=0 => .dis_ TN =lo =P &rn > r<-r,‘u'.\?a:_zgx‘

=Bz +321 TO = a2 =-ap = AT lals) =Tl

——— I N ——, B

ko (s) = (V%;)/V3> = (N ', 8> =823 |

T8> Zo => £ KTE>=0 => {782+ T,67 > =0

T2 813+ a31 =20 T2 85T 7813 =0 =3 ag =0
=3 =3

LN B2 =0 =) KUT>=0 =N, 6> +Ln,e! > =0

=) Q244 832 =0 | =) ay o =—32,3 =) 332 =:kg,£§’):m

CRB7 =1 = = 88>=0 = 2{g,8>=0 =XB,8>=0
A S35 =0
Sonug ¢ .ﬁ% = byN
N Ll T~ +k2 §
ad |

—ka N

o0
(7
il

,
f 4

So bafintiizrs  Fetet famillers (derelenleri) dlenir:
Matris esithille) olasak” ;

LAl T O ky O T (Fresre t wdle! )
g Q| —ky O G
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S

PR

O asbit aglsinl yaparsa =3 ((6’:?) =0 olsun. =T birim
elddr olsuh. I ”Un = = < TU> = cos® yazilsbllir
ds

(ﬁ,ﬁ’) + 1T, e‘l> S0 s <_é_f_',8>=o £ < IH,AD =0
aS EE R
Q
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s X=0 X #0 olmgh X =0 olsayds

L& ejm,\da t  olurdu.
TR0 >0 ?

0 halde | < N,0> =0 olmalidir

K< ﬁ/‘?> =0

€5er V=T + AN +5& fse B=<U,N>=0
= J=«T +t&8 olmahar. <(7,W> =0 dan tdrev alirssl,
¢ 17 1= ) -
;éd%-o idi-; =8, U>=0 =-XTH+ZE,U> =0
' 6

o R

=> —-X LT >+z<&/U>"0 |
= <T,0> = ITH 1Tl cos® =car

< :

- ‘ ’q} T
< 6,0’> = cm( 20-8) =sin6 , X/5)
— T — cos® = _., - Co“f (>} =0 =) :.E... - Sé&l'é'
§ x Sine TS j7a H b /4

<=3

T L sabit olsun., =3 C. —cot® ola B scis] Jerohr
x x 7 q b

= _Z _ co3@ = ~ X368+ Tsin® =0
P 51()@

6\3@/‘ U= -rcmefg siné \}ek—(:or{!nﬁh alirsat (O«Jab/f)

=) U =£—‘—9-—_( )CCose-I*Zsm@)ﬁ Q- = () Salbi't
as

LT0P = cou® = sabit = epri, efﬁz‘m Gizg/sidir. Vi
___Problem|er
1— Qir 7’¥ X (s) ej'ris:‘m'n (x P T~ ER) egih'm r,/gi'\si olmas!
i5in " gerele ve \geév s&t |
cle‘t[ 4% AR al&’}zo olMAsIdiR st |

ds? ds3 . d&¢
2- Pyametril deaklemi X :Ti —€3 - x=(Xi,X2,¥:)
M=t = £, yy=g 3 ol <feinin epilim gizpisinia
olvp olmad@ini araytiriniz. €gilim Gi2pisi vasa, ebseini ve

Gilin acrsinl bulumz .



Gomler

{- dX -2 4% o |-
3 i dst Xﬁ

diX _ d fdex _ ! aN = ! s o
X - d (dth)o o (XW) = X W+ RXN+X(-XT+28)

dgx 1L 2—5 ,-‘) | =9
Sips X 4T +K fo;s

dix _ d rd3x —zxx-r X (KNIt XN+ X! (-XT+28) 7
ds¢ ds \'ds3
+ (x'T +6T)E +xz(-2N)
det [X7, 31" RW] =<XMT", XD > idi.
AR = (XNYA(-X2T XN+ XTE) = KB +XKTT. . -

diX . T(-aXX)+(_ - )N+ B(2x'T +XT’)

dsh o

det [ < xAx, xW3] = x2z(3XX) 1 X3 (2XT +XT')
= -3)03zX/ + 2 X3z X4’

.-._Kazxq—xazl
7 xS(xz zx’) Xt

=xs xz)'{zzx" xS( )

1/, 5(4)7 = %S (L. ': = (_‘Z_. s = < .
det [/ x", x9]=%5(%) =0 < x)! -f’,,‘,-),?%' sabit
= ' Hilim gri&'ch'a

dmel(.// X(t) = (Jc, £ H63) | XIR—DER
ilim Giayisi Olup olmad@:nl yagtiin . €5lin si2fisi 15e

eksenin} \ve n:gnbm aglsing buluawa.

%.—.Sebit = (4t & £2) = (o,1t)
i 5 €, €y e k.
UNTES NS ES S VELILD
o 1 +




N S R AR
, )[X'” = \/1-}‘t2*f2/(r = 1.-[».3‘2&-3

£ 4
Y= EL R S 1
E Ea
z = det [x)x” %M | | SXAXY XM >
JIx'AX ")) ? | I x'Ax")) 2
= 7= z o MR gL g

1
(Far X Ry

_;éc--.—f = &fri, efilim  gizgisidit.

L

&ilim gy Lo cot e ar = Z - cotb =l = o0& T,

)
=3 :

%i).‘m ehsem'/ U’= Tenet E,éiﬂe
U= Ag- (T+8) ~dir. ,,

Bertraad €jri Giftleri

,)E'J ()¢ ~ 0
, ilet efri ; lsun}ar

Bo gprileri sirasiyla ¢ ve X jle J&te!e/;'m.%e/ bu - &
ejri\efin karsiheh noktalarndaki  asit nocmalleri aynt dojrultude
fse bu grllve Bertrand effileri denir. Veya Bertrard efri
Giftl 4eglll edyorlar deair

(€)X =X(s) (TNeS, X ,T

(€¥) i X*=x(sH)  [TENNEYT, XN 2T
N=U*)(a&nl dofrultuda oldvju igia,
taumdan dolay epit alabiliciz.) - |

S =B+ XX = W =Rl

> (C*):'ﬂ* =7’-rﬂﬂ’ eyl jsx”‘- E ::T(" F 3? "3+ 7’i¥
S

0

='> ..__ZI: = dﬂ N "K?‘V e
X = T+dA N+ A( zZ8)

417




=p |di¥) (1—ax)?-+ﬁl_ N+az8
ads _ ds

| i ' hew
Ayrica Ni= JAS old(gundan, JT*//%@I . T*-—-j—g;,i Hl.;
| . (

N¥ L 7 olduguna 9ore , |

Vil dx¥ dirn <-Kl_), AXX¥>S =0 omahdim. = S2 —o olun
| ds ds ds

=> A=c=Sabit = y)f}ii)?fuc?//.{c:uh’t |l -
Baeliiter :
1 — X=X(s) ve X*¥ =x%(s) betrend %’g‘rilerin‘m karsilikll noktalart
arasindaki  vzaklile : | -
XK =l = %%= =K+ 0= ) =il = [l bl = e) = sabit
Sonug i Sertrand egri giftini teslil eden ¢griler , bicbirinden sabit

vaakhita (poalel) olan grﬂera;r;
: R(s)

g KNS

2- Teorem : Bertiasd &ri giftine dahil ome bir denblie. bagntisidir.
3 Rve W bertrord efri gifti Aestil ediorlarsa ) ccilie ve
burvlmalar arasinda , A pu €Ik olmat Uzere, AN t4Z =1
bagintis) vardir

fspat—// -/\7// A_j-)" i 27_:/7//2?3 L Z_'T'*,ﬁ’; E*j"‘

R%*
- T ve TXGK auni  dif2lemdeditler.
L (1,7 =% olsvn. ' ;
- 2 Tve i L N 2:) Ny T:’(/'@’(
TX| = eyl &42? - T*ve g¥ LN¥* J 8y0i djalen
Ly — - Dey inde .
au =< TET> =(|TX.J TI. cos® = co3X
1 1
32 =<TH, B> = |78 ©=23(900r) = sinX
T* = ayT+topt = Tl”c:ast% +8sin

-—3 - =5 == =
8¥ = A2 T18,,8 = ~TsinX tBcos

vy

|

e T

e
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soy = KBTS =TT <00 (T da)m —sin X =

= S B>= [|YLIR) cos® = coye

AT _ ) Necosk + T dleoset) | »10 ol 4R Ssiax
/ds et ZNsinX +8& TS

Jetrda
- - - —y

, a7 :XF‘—-) T\F: T,I= T/
Wi * L

/ /

] ¥ T /I _ JdT¥

M T T s

L AT T ST A T

o N T AT

= dEosx) :C A d(siAM)zo =) X=sabit.
( as a3

dT¥ = (XeosX —Zsin“)n_ X =xtc

A

%‘;";JT' + e (e-XT+Z8) -T+c(c -XT #28 )

T""‘ch.s<><+£5\sm‘>< =)> d"* // T* el

\

s [ 1FeX || €T | loran) |vardir - | {1<eD< Coso< —coeo(
co s sined e T Sinx

[—eX = cTicot | = | = eXit c Zeot® | = % ~8
=) =) ve cot¥ =4 dersek
A= AX+ puT (Mp sabit- ve HuelR)
Benzer sekilde
"52;?* tly N* yeeilrsa, f}u:_)_é_g_
1= AlXK+p/Z®  ysuisbilic

(?\///44' sabit Ve 71;/4/@/,()
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AL

4— (c) ve (c¥) siftler arasindabi asi Ssbittin

Problem : &ir bertfend egri ciftinin  largihkh  nottalerindaki

oskUlatdr Azlemleri paralel e bu grﬂer dulemsel %ﬁrilerdfr.

l'.spat// 3?* ’—‘Tﬂ‘cﬁ) ey éhfd&lt/

ax¥ <4—CX>.7-'2+CZE
das

TH_GX¥ | d¥¥ _ dx¥, ds¥
s¥ ds  Js¥ ds

— ax¥ _ ’-,‘—’*ds*
>c:ls ds

—y TH_dX¥, ds A NE=3N  ash normaler paaleldie.

ds ds’*‘

o R TRANY = Lu- CX)T)-FCZB] 23, A(FN)
= & ¥

> g% = F [(-eX)E ~cz]4% [ 6

E N
=> +c2j§* 20 =3 €=0 olmalidir T 3
G lse e nin cllalemsel epri olmasni gereltitir.

Dolayisyla  c* da  palel oldygunda dilemsel efridir,

Problemler
{— «:T+nEI N(t)— (4,3 iéé) eprisnin bir bert rend ecgrl

giftine dahil olu‘o olmadwm aragtirniz.

2- (t)=(at,bt2, ctl) , abe#o , 38c=F2b? e
grinin bir efilim gizglsl oldyTunv ispat e din.

3— Bir o egrim‘nin asli /)Ofma“,dijef bir B ejridim‘n binof mal
dojruleusu ise s grisiain X< efrilie , T burvimasy  Arasinda

XtHez?d =2Zix bgmf/smm ve:fhjmc a&w;'n.

4= Y&y pyametresi s olan bir ¥ g?r?ﬁm'n, bomsu ki nobtasindal

binof malleri arasindaki e lisa & v2eklgmn oA = _ €S
\S “ xQ.rZZ
oldygunu gostesin.
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- H=)—{-z—=sabn'é olmalidi. | X'tt)=(2,26¢,3€C+2) .
S/ (¢)2 (0 2b,6ct) , XV (¢)=(0,0,6c) (.
e‘ el z) i a1 4
LN/ =] & 204 3¢+2 = ey(l2bet -6bect?)
&l 2kl | EEY ‘

-2} (6act )+ & (236)
)lv(//\‘*””: Z\I‘szczf‘! t9otc2tt 4+ a2p2

[,(//,(///a(//fj = et x> =12 sbe

|| =32 1407t 5 G LEG |

&ff‘* /e ///"‘< | 4 9y
(4R’ [let A < 7 112 o 1zabcfai+gbzu+qg?t9 ) >z
< Je<sAecl) 2 (9b3c2t41 %02 t%44%2) )2

Jloct 13
— 12abc (a278(sac)t?49c2t4) Y2
2(9b2c W F3(gaclact? ta2p2 )Y

= 12abe (5% Goclttt 9e44) 3
2 (9blc2td 73 ac2biti+atpe)/z

_ J2abc (8t T 6actit 9& 2t4) 32

2021(9ai2taF [ [ | )Pk
- b
- l2obe = l28ec - 68¢ =& *%‘ =;6.2b2,ﬁ,
. s bt % (X4
3(51As)*6(s)+d@(&) = /4

= s)+ A 6(s)
= o¢fs) +d o<(s) t,m(6(s)t B[
= o(S) + Tdls + u (B(S)"Zuds,

d= MmN =)[mN] <, D=d2
N = N-M =Tds —#zZN dst(r = ) F(s)
4t =0= g +,u zds! "(7\'/“)?

—— N R
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J,_,ﬂ__ | | BEREREEEEEEEEEEEEEERErVERER |
HEEEEEE T Tt rrrrrrerrirgd L] |
NERRE | JT A Tl TPl HEEERERRE ] | |
HEEN reEARZEEERIEEEENEENEEN [ ] E: |
RN IEE EHEEN L T HEE £ B
T I [« =R R | ENE BN |
| I=2 o | & 4 B T A £ \ | |
| e3 > | 2 A 1 | | | : SIEE : ‘
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- | . o I L AL 1 2
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BEERERREEENRY B i | =HNEE ] |
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HE-N " e = | EEENENE =R
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g MR S M BREEENETE EEEE
1Al BEE -] RN ERRES RNEEE ﬂ
1 T 1 RN EREEEEE SR P |
e E'PR EEREEREEREEEEE | 2 L
pi. | HERN: HERRERERRESE EERETREEEE L
L E el | e EN B |
- | B | | il T TP 3 Ts |
HEREEREEE SEEE HEEN BEEEEENEE RN
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Persembe togodl

Degme (Lontalct) Teorisi
- Y=f) fonks\l'jonum dusbnelim .

f:A—R fonksiyonu. by seilde venlsin.

8o —fonksi‘jonun taam kimesindel] XyXz,---,Xa noltalarnda
Fx)=FM2)=—-.=f(Xa) =0  Olsun.
Rolle Teoremine gére * £(x)=f(x2)=0 = IX; € (X1, X2)
igin £/(%4)=0 olur.
flx2) =€3) 70 =2 3K €(X2,X3) Ilgin fUX2)=0 ~ - .
‘‘‘‘ by sekilde  devsn edersee [ sonvg oleralk ,
£ (Xa-1) =4(x)=0 = 3 Xpo) € (Xa-1 , Xn) isin £ Fn-1) =0 o
T, %) ooy Xy Noktalarinds , £(0))= f4%2)7 -~ = fa1)=0
Rolle Teoreminden = £1X,)=f/(%2)=0 =» 3 Xy"€(N,X2) igin
£(x) =0 olur Bazes selilde timevenm weteduyls
FUR) =f(X3)=0 = XL e(X2,X) isin f/'{X2)70 oz
- --.by selilde devan edersek ; sonvg olarak ,
Fl) = f1(Tar)=0 => 5 Nka € (Yata, Yauy) igin £ "(Xa%)=0 dic
Ru selilde deven edersele _ _ . _.
. a <b
eses (2/6) arah5indati §,<x2<x,,,<x/m<x4 noktalasind &
1) £X)=f X )= .= £(Xa-)=F0n) =0  Ne
X)<X) KX Xp & . & Xy KXt K X olmale G2ere  (8,b) de

22)  FlXD=__.. =4/0h-1)70 dadz.
) (30) de f”()(/)‘--—-‘- NXpe2 )=O _ _ __ _ _ L_ _

4°) (a,b) de Xe (a1b) iain ’f”"()'(_.)_f-O olur-
x‘/X?/__‘-/X/]__—) X olsuna

J 10) 1(x) =0 y 20) f’(x)=O /SO)f/I(X)___.o/-“‘ ) f(/)rl)

(X) =0 ol



i =7 A <1 v ? '
Tanm: X LT —g grisi ile 3 mefke.zh rdamga,oh bir
S —"¥(S) : fatasT (MiadnoNYswehd

kire ve r)hbor.

oY = OA + AY |
z_\_, ‘;—a Ll s Aoty
AY = o —0R => AY =9y -3

‘ )

= JAYN=r = ||G3)|=r Lire dentleni. |
= G302 = I FF =t =0 i
s={ 7| llg"-—é‘ltﬁ-ﬂ?o}

£=13%3)|*~r2 olsun.

3’57? => f=llz—s)|?-r2 #0 (gewel 9“9"5@
fokat 3 kire Uzerinde ise

f=lly-a)2=r2 =0 olyr.

Farzedelim ki , 3= (S) olsun.
f(8) =)I°<(S)—3’)lz—rz dersel ,
Eger x(s) kice t')'ze}indz ve f(s)=o0
(s) - defilse fls()#0 ol (ke desk.ssflomsz)
Eger, o(s) noktast lre dmt)@mmde@erha Jazildi gmda
f(s)=o , fls)=0, fUs)=0, ., f™(s)=0 falat,
£(s) *0 e lLire fle gri n. mertebeden lesisirler
(x(s) noktas)  bifre ile . egrinin  N.mertebeden clﬁme noktasidr ,
(=kontakt noktandir) denin
Sorv , &l efrl lle 2. mertebeden dg?me\ye (Lontslta) sahip olas

Aizlenm  bulun.

I ‘ N

AL el S ya e/mtrem/L
- s —(s) ’SIYF

~ M4 ]
efrsi ve E duzlem) )
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2

% difelende bir nokta (efcinin difleui besti§i: nokta) : ysis
KN LA =Ry B> =0
<Y eI E Gl <3»5~7 ,n 2 20 , < dizlemde ;se_.
o dllende defil be LJ-R,7> #o ol
.E.;%i %ef f(6)=<j-’-;’/7!°> Alirsak
0 dod ddhlehdelish
e UL TR P
F0 , edidilemde ‘dofflsesid 1hialldab
£(8)=0 , £/(s)=0 , fY(s)=0 olsvn.
12)  fls)eo0 =< 3-(s),4 >=0
2°)  f/s)z0 =) <"-:7—Tz, n>=o (fg(\y—d(a),n>=o
= T, 7>+ <9-%,0>=0

=2 <-_:T‘/7l 2 =0

L)

RS
= <T,7T)> =0

FUs) == LT/ A>

e g == D T
f”(s)-o =2 f”(s)' <3CN, N >—O aks) halde
o TP e — R#EO (el dafv elvr)
= D<:r_’+}5}7—f b’g selklinde. - yozihrsa ,
=L T, 7> 2o RLT ) KT 1N 1FE > =0 .

=D \O(:o y aband

(N )7 >=0 = B=0 | |-
ESer difaleviin D= normalini birim.: Vektdr. alrsak : sggilse,

—
I | D &L‘i, L

N _ -2 oloal alabz'b‘riz.>

7| |
A birim oldvgvndas .:;,“2*#2; 2{\2#4 =3 rzyé:j => = Fl
= n=F8 = f(=0 =< T-dls), FE>=0

= FL GrLls) 8> =0 = LY~ls) B> =0
Sondg i Bir ¢fri ile ber mlktads 2.mertebeden kontaga (clefveye

(Veys keshveye) ~Sdhp olon dlzlen ) @skllstor dizlevdir.



;’Téde.u 2 E" de bir ¥ ér'l'éi e (n=1). mertebe da &m{&tt
dg'fme\ge sahip olar hiper ddfzlemi elidsin. (hiper dvzlen :
N lao&u'i'lu vzgjdaki Azlendir.)

F,V2 y- VR 3 freret vettsrleri.
g £(s)= <\§"Q(s)(7x"> ttevieri  sifite esitleyip ,
'ﬁ)f—‘dg—\f; toiy Va 'l"--;‘f“a(/\'\-f‘n sedlinde  sonyca \Sn‘dilfr.
Oslkilstér Kire ve Kiresel Ejriler  9.3.9 JC tesi
Bir X(s) eg‘riqine 4. noktady dege/ liJr‘e.lefi sraptirahm-
Bunun isih  f(s)= X (s) -3 Ni=r% |
f8)z0 ,fiU(s) =0, {'(s) =0 ,f"(8)=0 olacaktir.
aLf'/'(s)z[x<D’,3‘(-3> +1]'=0
=> ><<u,'3’<‘ -3 > "‘K(D/X‘5>'*K< N, T T
-'>-—x3+3€< XTf Z‘& ,x-a >=0 d
=> X3+)CZ <£S 13> =0

= X A
=) f'—ﬁ S=

oldviundan Z=0" burulms ysngap denirn I =—pg bulunup

Kur@m Merhezn :

e T

Tanm: & k&re\«r,,gl@gn/\ osb_ula".:or Edre.SI cent,

I e s R N

>S,|>“'

i .
3(—3

Seads * 8in grge, bic noktada deje/s bir tek nokta vardir.
| = )—(A‘fsﬁ‘ 1‘30’@0 nih - tdrevi | ahinrasg S

ﬁ
=

_:_2 =? *3 Ef\g (—x?f-z’é’); 30’? *jé'_g- éo’zﬁ) (3;8@& bea?h)
s

=[st +(30)']€  bulusur
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Sonug * Oskilatdr kirerin mestezleri & depmesinde bulunu(lle-
(haveket ederler) . .|

-_ P —
Z= sabit jse d=Z Lo it \ P YIS B T
ds

=2 L_gZ-i—(go’) JGO O/Ma.sad;r _TUM eLa dcasrudut‘
Osiblatdr kireain Ja/ma,ot -
R{ = II=~><|)"=3 +Jzo' 2 oldwundan
Ri=sabit olmast igin & -drmdo olmasiis Yani
, , N7 | ladn |
dRi? _ o = 299 +2_(30'-’)(30')' o Imasi1din
as Ut 4 Nal#ft |

25 gz +(§o)'J=0 , SFo,a #0 -eldgundan
gzt (30) =0 olushd
Sonug ¢ Qslllatdr Lireiin merkezi seblt ise Yangapt da
Sabit  lkalir
Soqug : EJrimiz  sebit bir Lire l2esinde cizilmiyse (oslilatdr
kire) ¢Z +(307)=0 olur Tessine olesste bir_gpcinin. her
Nokkasindaki oslkblatsc Lire 52 +(j0')'=.o. e
osklilatdr wre ile  her nold:a‘.sn.u ke sigir Faf o
v Sonwg: Bic _)‘24(51_,%';7/' isinln. kiresel olmas igin- <=
\32’*(36’)’-—-0 bapintisinin olmasicir e |
g3rilile Merkezi ve Egrilil. gemberi
X=X(s) €jrisi ile bir nottads 3. mertebeden Lesisen
Bie YWrena deakleminn  arastiralim.,
Merkezi &, Yarigap) € olan kilre! - deakleni iy egpinken
olmak Jeere , ||g-a) =r veys <g-3,5r@ >=r? idi.

Burade  y yeire X(s) (yazalim.



(RU)#B, K2 D> =2 = KX()78,X(3)3>=r2=0
£(s) = <Xl =, X()-B>=r2 | Qlur..
%eﬁ efril ve bir kire s no&asmda 3. mertebeden
kesipiyorss. £(3)= fl(s)= f"(&) =0 . olmahdir.
£Lls)y=0 = ()((5) a,x(*)-—a> r%=p o)mahdr
£/ (s)--:o w3 .2.~,<;T_(s).-,.x65)-3 M=lol=> KT XED>+0
; <e,6>.’=(&’,b> +Z.~;,b' >
dXXma >t dX~a, X !>
LTy X-a» +<{X=a,T>
2K T, x=al>
fls)= <7, -a>
fli(s)= LT DI T XIS
BEXPETRE y+<7,7>]
= 2[X <N, X3 > 1]
= —f”(s) = X¢N,X-3'D+l =0
Kure mefkeamdm ;U zerinde ki nok-h@j& \9gdm 3?—3: vektors

BB, §

%2 =£>LT—rpM + &8 qse,u\mdz \Vazthrsa

(-7, R-3% 2 =0

(<T+ N+ ¥E oc'r+pﬂ*fr€">z-rz =0
AT )t T R PRI L «E‘ WA —rz=o I3
oLt+R24¥ *—=r 2 =0

(>4=<-r,x-a >=0 =2 ei;,o alir

2 rpitytari=o = | R4yt —rfzo ol

! U= BNEE S RE EE

p=<N XB>=- =3 = p- 3

selline  dondidr,
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r.z.__.32+b/2 O[!J{\- v g B0 o (R :._.lu:,i

8 dylece lvcenin X2 veltdel ) LAY, e
>_<7’~'—3'=[—3ﬁ+6’1§:1' elde. edilin D haldz RS)
%?ridtne Ji-mertebeden slgpen kiresin - 3 mer kezi' 3
s
Xi@gfﬁ -b’:éj b lvaus e

Sonvg ¢ Y&eR (igh bir kire elde edileccjindes ., x=%(s)

egrisi (le 3. mertebedes lesipes  sonsva tare lkyre

Vardirs \T( s SRR,
) J |
0 T Sabit (berdefignade meslkez dfisif

Ve Sonsuz Qu/uo.. elde edilir.)
Sonug * @ =X(s) +3F—b’? /'f&e)esfndz}./;—f(_a) t‘ﬂo'c’casmda/n
gesen bir ggrunun deatlemidir. © halc:le.. Bl'r'cgr@le
S.mertebeden Lesigen Lirelerin merkezi , bir dogru
U2erinde. bulunor.
Tomm: Ru dojruya _&erille _elsent denir.
Sorw i), Bir gjﬁm' lle. Q.mertebedes ortale nolcﬂgja_sahi,o
olan ve mertezi oskllatdr dizlemde olan tireyf aragticalm.
- Kirenld Merkeal , oskllater duzlemde olacgpindes ,
20 5_&?(5”-}317- S8 de ¥=0. olur.

Buna  gore drenn werkezi

T T
Ao = X’(S) + N olyr. \‘jsv‘ngaft e

o = 8= %— bulunwr. , ‘ 4 H '

et e ™ o

" L

Tanim * Yer velktory 52”'7’(8)‘#37\? olan & noktasina
M(s) Krisiain eprilil merkezi denin ‘

Teorem * RiC %?Ff Ve hefha/g)i' bir noktada (’)omef-éebeole/)
besisen koreler oskllatdr dizlem jle  bir sember boyunca

besh sir



\;w"'l'e‘smm By gembere ﬁ“‘;rﬂik _gemberi  deaif..

Lspat// Qo =X(S) N =58 idi - Bu kijrenin meskezinin ostilater
Auzlendeli i2ddpimb §=0 Igin, &0 = X(S)"’j” i,
Yorigapr -da =8 =g = X)) =re  olur.

Ookﬁletcgr Kire ve »Kﬂre‘éel Ejri
Rir X(Q) egrisine Q.Mef%ebedw c:bj@i lkgtalert! |3 lodad -
araptira i . £(s) = < Xs) =3, 52—(’5)%’5.>f iodi L (2 . Mertete den
cgmeyi hesaplarken bu)MuM:uk.) f’(ﬁ)‘ ve 'f”{&%}g‘; bvlnuptuok .
f(3) = XN, X8>+ X-KT +2& ;X~8>40 =0
=% () +xXZ<ERI> =0

=).<(—3-‘<—)—)(Zb’ FQ | =l gl XKL

xz
1.|_ 'EN )
ERAEMRE e T Sl fE
EEE 4 NEE Gulunur.
b= o T1RE L6~

‘ESer Z#0 e efriye X(s) noktasinds 4. me/{—ebggslewe, -
A%S?e/r birtek tire vardir Ve bu Wirenln merkezi
= 7+37\7"’3/¢? olur.
Tonm ¢ Qo kﬁregé gsﬁg-gé'r WE,.‘L,!.C?_F'@ME
Bu u‘)'re/)‘i}; Yarigapy, =484 ¥ dan, |
= 80y 2] ohe.
Y@, burulma yaligapr d@m

1
e burvlma
X=X(s) %fr}:si shilicken , asUlietdd | klicenin | Merkes

7 e
=X 190 19'c 8
&risinl cizer. gy gfrinin Gizilme. hiat
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"Jg" = -T-fg'ﬁ 8 (—X?‘blg’)-}. .(-3’0")16—36*3;/_0
 =Tag/N T+ 82E + (360 B3N
=[sz+(3)J&  olus | ..l TR
Yooi, ire. merkezi B ydnlnde hareket eder.
Sonug : Oskblatdr kvrenin  merkezinln  sabie olmad) gin <=>
v;%\:; gori , 82+ (8 7)'201 den elde edilir.
8ir renin  yahigepinin sabit olmss) Tgin,

m elmalichn | ) . |

alst
=>233'+23’'s ”¢z+23'%¢'c' =0
= 2oa (92 +o9/ s 8!) = o
= 29’ (324 (8c)!) =0 veya

182+ (3@57?5{ bulvnur (g0, Z#0 igin)

ek

Sonug : Oskilatsr Lirenin merkezi sabi+ e Y1581 davindl
Sabittin. © halde g2+H(8) F0 sartl Versa tim
oslu‘%la-té‘r Lureler dynl perkez ve yarisdpll kuteje gakisir.

Sonug * Ly, X(s) eprivi- isin, 52+(3’o*)’=0 sartl |, gr,‘m‘n
clrebe] e3ri pldviunu  gdsterin NERrRrY %Y

Manifaldlar Dzerinde é 3riler, Tanjeat \lettirler i

Vék‘tar Alanlari

= Topolpjik Manifold i M bir topolofie Legy (M,T)
I 12) M _bir Asugdorff uzayich?. | !

2°) Sayplabilir goblvkta (M'nin) agie Limelerden olugsn | agik
Srtdsu vadi. |

_ 30) Gy aglle Srtfye ait heseir e E" e veya bif dlt Limesing
howeowmor ftur. '. | |

o"ww,lefi d@ﬁ/ /Se M'de, A=boyutlu -{;opol@'{é. mani fold déf\ff.



ho £i ‘
Y ¢ U M@xw U S EMN U UM | olsun.

(W/Uo() = heita (koordinat homﬁulvju)
(%/' UUo() =atles (- w i siskemi )

€50 frm —IR 4 nertebelerden Lismi tievle! ver ve
P f(P) | |

slielhi e f ye Jifeamsijellonebilifaif e
f, €= smfindarar deaif. fEC(M)IR) yazihe

ct(mwr) = 0F | £ S Sie £ e martebedon bir dif.bilir
fonksiyon = £, b smfindsr = fecymir)

* Dif feomorfiom = Homemor fienide i sufel e , diffeom erfionde

difes ansigellencbibe (<4 simmfnder elma)
Y:M — N S ver ve da'fesfsijello/\ebilfr;o, Y Ye cliffoorarfien
Aenir.

Tonim * M bir diferersiyellenebihir  masifold , TS IR elsup. * oot
(I bic agile aralik) Gir X:Z —>M fonksiyony verilsin.
Eser PEM ise Pz (Pufy,.l, Pn) ya2shm. (€=1,2,-.n)

Uz e m—ebb &
P=(Pan,'..,Pn)'—’ UC(P)=Pi  olsun.

L(P) = ut (P(,Pz,-..,ﬂn)" P{

L a 1
15 41 S s 4

icl; Uq(P)— U4(P;,Pz,...,fn) —P: , 4 f koardma{: fonk&jow

(e, Vo(P) = Vslluburmppr)= b, 2. 4

”Uf {P) = P o, 1. koordinat  foaksiyanu,

M difef&\&:jeljedebih'r manifold ole\e@’u/\daﬂ M zerindely

UJ,Ua/——'/U/) koordinat fenksiyenlan da A:’fe/&sijellwebﬂkch’n
Tt m '

D(\/Jt X (= 040
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<.
i ey
——
- £ &
iy
X (£)=P oOlsun, - Ud(p)=P

Eger SUt)=PEM nowtesimn - FO92)-..,0n3 j1lokal
koordinat —font_é.\{jonlam Yardimiyla - taumlsian
(= Ujox i T——|R 1€ &0
lkoordinat fonk\sijmlen cl \Sm/fmdad‘ iSeler , ><=:lf-">m
fonksiyony clt sinifindsadic  dealr.
Teoun© (&ir _Mon'fold eerinde c' Sinfindsr &sri) ¢

M, n- bayutiv d:fcraasyene/)eb»hr madifeld ve X:T— M ye

“ sinfindsr bir fonksiyon olsun. =X(T) M skt kimesine
ST 00 atlas) ile verilmis Wﬂcxﬂd deait.

n - - - ’ ¢ .1 e
E d@ (ef/al/-——/aj g aX, 21355 6Xz_ 4 aX j 4 ) ,. “':.'i."’ {,
Y (EN) in sdandart bazy olmak Szere €N de 4L — €N
+— o (#)

ejrisf,z(r,dig Stlast ile verllsin . PEEN ve f:ef SERIR
(@)P <(@4>Pz Vf’f” z <(”O/D/"~/O)lf>/ oxi @‘ﬁ I axn >
S AU CORCOER I (£

= (ep =55 'F 1<4<n
=D ey ___a%_ ”;,:fef:\éj({mdfr.
= (oq,o(z/,_‘,'&n) b//;?;& ;72efe =4 dzlu 8:“)5!/”/)
() nobtasindaki niz velktdry, <= ’(-6).. f %?L}f{ )



Bir M matifoldu izerindeti bir o grisinin x(t)=#
noktasndaki taraat velktérind termigyaim .

Tenm: (Bic monifold Yoesindeled it rinin tamgert veltérl):
M bir diferaisiyellenebilic  mavifold  ve () da M
Uzerinde  § (T,00)§ étla:: ile verilmis ,c% sifinden (Lez?)

bir gfri olswn. ()= PEM olmak zere ,

et c®MrR) —> IR -
P ( ,I—F) XP‘(f) = d(fox) ],
dodealid o] A8 L LS

seklinde teatmh  Xp  Afonksiyonuna ,W)* nolta ~

Sindall_bir to1gent veltdrii cenir.
{g_i_ie__ Xprf3=;f§ g-,%.;f,.m =<X,°,\7f),o>" c e
xe= (S182, ., 9a)p  F=FOuXopmeyXn) 1
=) ""1““’ <XP/V‘F'IO >R y fec>(e"R)
dondydm  olast olngbilie

R Sl e
Toam: (W monfoldu Garindeli bic cjrini _torgork vaay) *

Bir M maifoldu Uzerindeli , bir v(T) g’vd‘oim‘n S wror

nolctagindasld +um Aeyant uektdrieinin kumesi B%%j"{ﬁ‘i’

Olsun. & Limede +toplova iplemi ve skalerle 5a/pma

Isemini  taumlarsak 2
e o Toio((g» v TOEZT()HL___, T,fﬁgf))

(xp,¥e)  —  Xpt¥p
isleni P=ct(t) ve Yfec=(MR) igin
DRt (£) = Xp(F)HYe(f)  slemi , boploma Iplouidir.
e t [RX T,f‘(":‘}”——-—a Tu(z)

(A, Xp) — AXp
iSlewi  pEol(t) ve ¥ FECT (MuR) isin,



(2Xp) (€)= A Xp(f) €R . dini M
—Teorem * E -ré(‘}ﬁ“’, ty f Yapisi it velktdr Uzay1dif -
Toaim . &u vektor wzayme, =@ Erisinin. o< @) noltasudatl
t‘“‘”\),&"& vaay: desis (1%
Teorem : M, difersisigelleiebilit warifold ve (L), M Jzeinde
c% sinifindar | bir epel olsun.,

{i° VXpé-Tog(_-;) isin, Xp*C (M/la) —>R lineerdir. (lﬂlfnnw, L)

Vféec‘”(MuR) lsm Xp(ﬁa) Xp(f)g(P)-rf(P)x,o (9) dir.

xspat// i Va,b ER Vo Vﬁ3 éC""(M,IE) igin

Xp(8ftbg) = 8. Xp(f) tb. X,°(3) old\gmu 3@54:@/»@!@;2

Xp(f)= __(fﬁi"f—' ldl

X ba) - dlafrbglo=<d | . dlaf+bg)(xi)]
plafils) fet lI{ be, |

- d

= [ ) (e (b9) ()

- d |

_E[af(a(ﬂ) + bg(&(t))]

- a d!f(u(t)) +b d(Q(‘x('t)) ,.i £|q 1":(3‘-._:.;;?;':?‘

Vo PLLN

_a d[(foné)(t)]-ib{(goo()(t)] ]
= a. A(Fo:x) ' +b d(ﬂou '
=> Xp(af+b3) =2a XP(F)‘H? Xp (3)

o halde ©u fonksiyon IR—lincerdit. o
- 4 fadoexJ '
= Xp(fo) = dfj_i ‘ ].‘-

= &ét_ [(f9) («‘(f))] = ;%[f ((t)). g (¢ (t))]



=§ d_ (e (t))Jga(ﬁ(('t)) + foelt))- j [3(“&))]

(fo—< (s Go)(0) + (for)ie) £ NCTI AN,

WEIE> | | 3
_az—fox)‘t L 9() + £(P)d(gov)],
XplFg) = Xp(£) 9(b) T £(P) Xp(9) (tetbniz bureliin berri)
Tomm® (M maifoldunun tsnjert veltord

n %
3
\

M bir n- baju{lu dnfefoﬂsUeH?/leb:hf mwfold ve Pe/l/l olsun.
Xp' CT(MyIR)=—>IR  fontsjyonu M LJz@‘mdala €n az b;r

e } XA 3 66 4"
%)rmm togart veltdrl ise Xp'ye,M nin P poktasnddli |
bnr teiyart velktord d&ur. |

’i 1 ; M m.;hifo [olv. (MC E")
i Lire adili ‘

¢ 53/ l = Te3('o)

$

Tanm (M 0in tsnjart vzap ) ¢

N ‘maaifoldu - Uzerinde ir nolta PEM olsun.PEMN nokta-

sindoli tenjart veltdrlerin lmesi T(P) olsvn. (Te(m))
TnlP) Vzerinde

Tt Tm(e) X Te) = T (P)

Xp,Np)  — XptYp  glent , Y fECTIMIR) igln
(XptYe)(£) = Xp(£)+ Ye(f)  oloal ve

R X Tm(P) — Tm(r)

(?\/ Xe) —3 2 Xp 'J@\@V)'l , 'FGC‘-(M;)Q}/ PEIR g l'fx)

(?\ Xp)(£) = AXp(f) tonmlanyor.



(Tm(p) )+ =) bl vektdr vesgdir. Ry ‘vzgya M _nia
P nottssidali tangart vzey olenirs
Teorem * M bir d{ferms&eumeé:ilir vifeld, PeM ve p
noltasindati M nin tanfaat weayr T (P) olsun.
vX,oe Tmfe) ve Vﬁg'éc“(m,m) qun |
- Xp: C"’(M,lﬂ)—ale |

- Xp(£o) =

l/f)wohr
Xp (f)3 (P)+ f{P) Xp(9) S
Ispatin aynisi yapildis! :qm Lsp&t 3af>.)ma\yaca&t/r.

EN in tarjart U4yl TEn (p) v& Main +snjert uzzfjl
Tm (R)  dir.

2 3 3 e 6 / Chtesi

M bir - bodutlu d:fe.ranade,lle/nebmr /YBAlfold ve PeM olsun .

M nin P nolkasindaki  bir |olkal Loordinat sistemi

ULV, -pun § olaun.(UQ_M (U 251k bime) ve Y, honcemor

findit,) ¥eem — P ain U komgily versa  (Y,u) Siffemmalifion
obor. ) ved, ~au p i CT(MIR) IR

lineer déaygumd ,
¥ fe co%muR) Vsin

‘5_" ,p (f) "_f'(’o> olarale | tar UM/@M jar.
Bu taktirde, ?

sl lstem) I
22 'P ot lP e ’dm j sisten)  taamlarmg
olue Bu Sistem UV pa-apn } in 0 dualil olaa sivtemdlin:

Tanim ?q"‘lm e lp il e/)*'},o'.z, bazina: - Zet)p_,ezl,a, v, enlp § bazinn
dval bazi deair:

7= l¢in az’ [k | Fau) _"Jg%,p = 254/ }f’:{
£.20, ’)“é"‘})” id - L
F{-Un = _—)‘ (U;): -6—;’&)‘4 O
S CLTRN
Aoyt B (o) = 5

Sonug - Tat)d ,P dv; f)""'OuA ,f\’, y [\)4,()2,-,., val A dualidic
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Ayrica Uilo(t) = U ([ ta) | €55 isiy
Uf (e (t)) = le(o((t’o))’ {1 #5 oeal verilsin. °<(’CO)=P olmale Jzere

X : T —>M | | : Ll
£ — w(t) "[0400((4:0); Ui (), L. ,u/)w (o))

olaralk &hmrsa, '

.

U)oy |, d=f e, dUHKO) Lo L ipy L
dt d+
= Xpllf) = e
Sonvg ¢ -é%- ‘F , M nfn P noktasindati  bir terjant 'Vgu t8redde
by

MR Ltordir.
pass 'F’- "am‘f’j de N-tare tagant Ve ur.

a 7 o
=) £t )P é‘ TP (M) air

Teorem : M, n-boyuth bir  diferssiyellerbilir msifold olsua,

PeEM noktasinm bir kom;sulugu/sa.aw ZUI,Uz,...,UnS lokal
) . i "_‘ LAl o 6

koordinat sisteminia  duali okn (}5 Zaw e ,55;,’, vt =20 !PE
T (P) nin Gir ba2idis

ispat { — Liness bafmsizhe = (Germe fplomind Spriemeye  gerel yol.)
Al nale’ Lz FERN NN PREE RN
(EIR " olmak” Lzere ,?\;dwlpf ?'zauz’f* + naun)/’ o)

2 é 7\ 2l l=a o‘l.su/l.
¢ vy ’f’

= Qe cTmR) ish
(z w._..npp )(us) = 0(V3)
! "”(ff? NB?T;HM) =P

N

=D = Ao (Us) =0 (linewlikten)
77| Jug
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B> é Al ___J_,
(=l Au{ P

(dengsdm tarminds)
n 4 : - 4 | ) ': i L.
== A¢ B4F SO =) RAF =0 (5=1,24eeuyn)
i= i '

\
O Nalde by kime Im.&r berzms:zd:r

46— bo\\j/\/\-' bg\\?Tm(P) Oldu{gmdaq (ﬂ ~tare ue‘cto/‘ Vaf)

?

lineer b%x/-wnz,é__ f‘p, R /F3
Taam * (Vekh r Alan): M bir 0 - b@u'tlu dlfﬁféd&d&“@/\ebl’lf

bir éazdtr. (5e/w~e)

marifold olsun. M Jzerinde bir veltsr ale dige

, . = N BN

Xt M —— U Tu(p)
FeM

p— X(P)=Xp € Tm(P)

e § Y

s

\..’g!t

olsalk taumlaran X foﬂks;donuna denir. £u fontgs::ganlafm '
&"M&Mi(}%—(/ﬂ) Hle gterebiliria. ]
Teum: a) Toplama * F P YM) X Y(M) —> %(m)
(X)¥) ——> X+Y  [§lemi;
Y PEM fgin, (xt¥)(P) = Xp.t Yp olarsk +aumlarigor,
b) Stalede Gapnia = @2 R X Ym) > % (m)
] | (2,%) 5 AX . isleml
v eem, V?&elﬁ 1gm/ (’)sx)(p)— 2AXp olaak -(:amm/a/zuorn
Soaug * M. df f@'mawellmzbohr menifoldu  Uzerindelel , % (m)

Velddr alanlarinn klmest fgin g’lp(m), +, (;a,—r,-),of

bir  veltor yzayldir

Bu velktdr v2ayina , M uzefmdelu Vektgfi&g}annm
D2ayy denir.

XS W(m), £FEC(MR), PéM olsun,

Xp i C T (MIR) —
£ = Xp(f) X(P)=Xp .



W) ile c=(MIR) arasinda ;.
(X'f)(P)'Xp(f) 6agintis) \arahr,

ER //
Cx: M=—= U malp)
_ pem (fx)(r)— f(P) X(P)=F(P) Xp
M =—>IR
f H e (e bl

Teorem: M bir n—e@uflu difersrsiyellerebilic  menifeld ve

’Z;(M) de M {zerindelei  Veltor alsalarinm U2ay) olsun.

vV XE %2m) igin ; |

- X! (MR —><(MR)  lineerdr.

o~ ‘v‘ﬁjé‘cw(l\/hlﬁ) ish,  X(f9)=f X(g) tX(f)g dir.

fspat// f6f>a+: noktasal olwak yapahm.

i- YobelR, Yfigec=(MR) igin , (vrem igin)
X(8ftbg) = a X(F)1bX(3) oldyguu gostermeliyiz.
[X(af+og)](P) = Xp (£ tbg)

=a Xplf)tb Xp (9)
=[ax()rex(3] ()
=> X(aftbg) =& X(f)tbX(g)  olur (IR- lineertl) /]
i~ YPeM igin, [X(£9)](P) = Xp(fo) = Xp(FlgfP)+ 1 (r)Xp(3)
N X (FotfX(9)](P) |
= X(fe) = X(D)g TER() (Leibnie ko) // f

M bir d(fefaaswelle/xebahr mm:fald ve PeM olsua.

Ul

|l

PEM ‘nin bir U aqik komsulugu da bif difossielierebili
maifold dur U ’da bir lokal koordinat 6istemi,fvuvz/~-,ua§
olsun. YQEU lgin , Ty @) nun bir bazi , Eam, /692 ) g
i Bu baz yardimyyla U(U) nup bir baz; ,

{__. I NG O BE1 TN olarak elde edilir
Uy U dun
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Tanm ° (Lie Porsitez Operstdrll)

Bir M diferarsiyellenebilir maifoldy “Uzerinde , veltor
alanlarinin vzayr %(M) olsun.

T8 )X %M)— %(m)
H (X;LN)-*E/ 1Y) =0x,¥]

;,sle/m Ve T (M,R) Tsin , CX/YJ(T') X(ff) - Y(Xf)
Lie Pystez Operatdry denir
Teorem * &{r M diferarsiellerebihi Mam'foldu deerinde tsuml
veltsr alanlarinn tzdyl %(M) ve %M) Uzerinde E /}]
Lle pasiter operatdrl verilsin.8u operatdrin , asapidati
ozellitleri varcir . | ,
&= Bilineerk'e (2-lineeshik ) Szelli§i: Yo bE€IR , ¥ X)y,2 € TiM) ve
V f& (M R) isin ; -]
[axtby ,z ] = a[x 2]+ b[Y,Z]
[x, aY+tbz]= a[x,¥Jtb fX/Z]
€= Anti simetei 62l)§i
| PA5yd=l=T ¥,x]
¢( = Jacobi O2deplisi
l_:x,[y,zjj LY.z x0]+ }:z,l_'x,Y]] =0
Omek// erC""(M,!R) igin ,
['ax-rbv =] (f) = (ax+b¥Y )(ZF) - zf(@xﬂoY}fj ('Eafumdaa)
= ax(Zzf)ThY (z£) =z[EFf + (oY) f ]
= sax(2f)r oY (2f) ~2[ X(£) + bY(£)]
= 8X(2£) +bY(2f) -2 Z(X(r) ~6 2 (¥(f)
=al X@R)-z2&(f)] o[ Y(2f)-2 (v(F)]
calx,z](f)+b[Y,2](f)

=
™

]



= (s0x23 + 6L 1,20) (£)
=> [axtbY,z] = a[xz]tb[Y,2] ol y
Boreer gselilde ,
[_'x;anz] aEx,YJ+be/ZJ
o!dggu 3as-tenhr
i - Dy = x(¥6)- YXF) = = (YiF) = X(¥F)
EliiE ATeD)
= D)2 =LY, X ol ) T s
_.g[x,EY,ZJ]*fY,Ez,Xﬂ+ [z,0x,%]] g(f) | T
= [x,CY,20)e) + Ly, Cex Ty + [2) 00020 66
= x(CY,2)©) =Y, 2](xf) + Y (C2x0(6)) = [2,x](YF)
| +z (C0v )~ [xY] (1)
= x[v(zf) - 2(vp)f ~§ Y (&N -2(1(x) ]
T Yz (xf)=x (2f)] = ] Z(X(¥F)) = x(=z(¥) T
+ 25X (1) =Y (X J = {x ()= ¥(x(zf) ]
= X(¥(=f) - X (/) - V(afkE )+ 2 ()
Ty z,/xf))— Y \é\z\ﬁ) z\%x(wﬂ x(z/m)
F 2N 20xe) = X (UER) VX)) = ofe)
=>=[x,0Y,27]+ [__Y,[‘z,xJJ* L2, %) Y]J =0 olr.
Teorem"M aifefansweﬂmeb.‘l;r mani foldu Sz_en'ndeu pEM
nolctasindaky bir U acik ’LOMySU'LBU verilsin. U dzefmde \J\o';‘
lokal Lkoordinat sistemi , JVj, Uy ) ,0nf ve XYe&
ki veltor alam , X ¢‘<T 5"5'67 L e s (M R) ve
ngzé‘_UZzau{ ) Pielc(MiRr)! isel

A 54?1 d5e olur.
[X/YJ ,k'i(jk o ‘Zk 30, )é—u-, ur




ispst, v fe& CT(MR) fc,fn '
Gy T(e) = XOE) = Y(XF)  idi.

X0 =1 YO (2 U5 () = E(a D))
Wp= 2 u (0= £ 22

Ujg

X(Yf) = x(zf?,_f_) = x(?, af’) T

ovi

N
e ‘ af " a ' b
tg' EX(%)&u[ + X (_iéu,')j (Leibnjz ' dea )

A {1 -A
= ) oFf '+ i (-2
E G Sh = 7 x(537) |
n/a . 4]
= §—5—-) ?-Q£+£~7( Sl T
égﬁ‘%l LouL (i) ou.  ¢=1 k= 6 (am =
- N4 &5 . ‘ nN-—>
v X(Yf) == = 5, 9% f L = = 9;5,.9 af) o2
VJL (2l et 9V, OV L {21 legt: 'Eﬁ Ve \ QUL ) Quioug
YiXf)=2  X(f)=7 30396/C-(:e.31
- 1 s L e -8
CN(xf) = = 2,08 of , = 2. Sal oL | lur. Bylece
qu =t "a% U7 *z‘,e:: ‘5"autauk VT
; TR b1l
 DoYIf = X(Y)-Y(XF) “den _
== §,2% f _ = ¢, 95 of
- z',bra dUy.  Su4q Zk=| dVy ovg
==
l =,2 v a‘?f ‘Z aft
£y k= (5 EYSPl ‘ Ol 501
y R ) &x
Q% as,.' d i e Laa,v},e
Ln(&‘ AT )—" e KVf A

= = <4 6‘2! 350. =
> DY) = = '(51 S 'fgau )_57 c;um)//,,

Teorem * M d.fersn.sde"mebihr manlfbldu Uzesinde | YL(M) velbtdr
alanlsrinia Leay) olMak Uzere | V—f,aec (M,K) ve
VX/Y é?/—(M) |qm P

[(Fx,0Y] = fa 0, YDt f(X9) Y ~g(yf) X  dir



lspat// Yhe c™(MR) e YPEM igin 3
(Cexsor]n) (2= LF9YJe h = (£0p ((99)()=(3¥)p ((4%) )
féxm Xp idi. = £(o) Xp[loY ] - 9(P)Yp [trx) (n)]
= F(R[Xp(9) Yp(n) T 3R Xe (Yh) —
= a(P)[Yp (£) X (h)+£(P) Y (xh)]
= £(P)Xp(9) Ve (M) + £(P) 5 (P)XE(Yh) = a(P) e (£ ) Xp (h) —a(P)F(£) Yofth)
= £(p) 9(P) {xr(Yh)- Ye (Xh>§ + £(B) Xp (9)Ye(h) —3(P) Ye(f ) Xp (k)
=(£9) (P ] X(vn) = Y(xh)§ (P) + [ £ (xg)(¥n) J(®) [ (v£)(xh)] (r)
=329 [X(N-Y00 T4 £ KDY g (YIX [ (n)(P) =([fx,3 Y]h) (e
=> [fx,37] = falx,¥) + fxg)¥ =g(Yf)Xx -
Toam *_ M bir n-boytly difesnsiyelierebilic nanifeld ve
fectMR) olsun. £ nin bic PEM nolkasindali —tan
dfe&ansgeh dje, \'/Xp e TM(P) igin
(L) 0edm X () = Xe [F T
sellinde taamh clfha fonks\tjonune denir.
Teorem : M bir n-boyutl diferarsiyellenebilic maifold ve
M nin PEM noktasindali tangent vzayl Tm(P) ofsun.
B0 taltirde FEC=(MR) iin Aflp € T (P) Air.
&) (P) $ Tm(p) nia dual uzayn)
l.s,aaf// Vxeé‘rm(no) Iqm , PEM , fE€C (M IR)
= (aflp)(xﬂ = fo Xp[f.:f’jﬁnvj'gagsma pre
df|e Tm(F) ——->)t< seklinde - bir forlesigondur,
VapbelR ve I Xp,Yp € TA(P) T¢in i
dflp (axptbYe) Zédﬂp(*?)* odf o (Yp) Asbalim, B
= aflp (aXpt8Yp) = (aXp tbYe)(f)
= axp(#) 4o Yp(f) = adf o (xe)tbaflo (4p) (Ifneer)
dflp€ T (P) Qir. y
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anere/)\sde‘ Ve Vgh.'tdt’ ﬂlam ﬁrasmdalu ”\1 i s gasnasl

dfle (Xp)= Xp(f) i &5er , fe C=(MIR) ve XE Ulm) ise
dflx) = Xf=X[F) seklinde \ysaahm peM Jgin
(XE) (P =Xp(F) =Xp [f] Ve dolayisiyla (dF00)(P) = Jf lp (Xp)
oldugundan df(X)= X(f) esitlyl bize , \Fegel
af + Ylm) —— < =(my ) oldugunu tesirs “

dfleeTme) idi.

Ifle s TP 255 1R => af]o & T (R)

Of 1 (M) s com(mur) =3 df € YR(M)

Boayesiehde Tont Pidemensiyel fiosicioblnllpl.:

e DI S S

dflp(xe)= Xp (f)=XeLf] , Xp ?(-VuUz-;---,-\/n)lpobvn-

Xelxi] = Xf> (xa>= dXi lp (Yp) = Vi |

Xe[X(] = 2 \,o ,én 51’5 V;)'"’Vi
J= =
=> dfle(xp) = é -af-lpdxi'p(XP) T
VeRELE S i
=> dﬂp(xf) =( 2 S Jodxile) o)
7 = 9f 4x;
f l p 9Xi X

Not : 'Ana)fzdeki tam ifereasiyel ile burada \;e/”en tant wiail
difesrensyel ayidim

Tanim:  Rir M diferensiyellenebilic  manifoldv Jzerinde bir
koordinat afstemi WX a0l verilsin

dx“'c TM(P) K LIRS
Xp = SXilple) = Xp (%) e

olarak taamlpasa dXilp fonlesiyonvna  Xi€ <STmIR) koordinat

fonksiyonunun  diferensiell’ deair.



. Teorem : M Uzerinde ZX«/Xz/-»- ,Xn:( \LO.ordu'na"b Sistem)
Vexildémde VeemM icin fax P LA <n§ ve fdx;lf, 1< nf
sistemles Gicbirinin dvali  olsa Hu baz olustururlar.
Gunlardan birincls . T (P) nin , ilinciside T (P) nin bir bazidir
isrd‘t// dxi |p (Xp) = Xp(Xs) = bzel Olarak.  Xp =3%,T'),o ahairsa,
Lyl S T Rl (v vik
= ile (R I ) BRrle (i) =T AL
L . 9 Led L 455 t=3 e
)dX;‘P(éX&‘P) 62\7 -EO , LFT ise
ZAx,' lp , 1sisn§=§dx,l,>,alef,--.,Axnl,oj bir  bazdir, ?
Q82 -c,anEIR &/d)(lha‘faadXz’P”’-..'f'anan’,o =0 olsua.
=5 V-a:)ﬁjf=eilp lein
d S
(araxlp+ azdialp - - +andxnlp Yggelp)= 0 (S le)
= : a d S\ _
> a‘dX4’P -a—x—‘)'fazdxiif (‘a—x-) LB o &ACD(/)’ (a.x‘-) = 0

‘ o E i fSEl =
= = 4%l () m0 = & i =

= Yai =0 i::,z,,,;,n => YXilp, 1€7<n? lheer bafimsizir.

Hiperylzeyler

1.7aam® Qir M diferersiyeliencbilic manifoldo  ve bunun bir H (aqik
Llme) alt maifoldy verilsin. E5er boyM-boyH=1 ise

H alt mm.folduna M de bir h\j)er\tguze‘c; denir.

e A e

B

Taaim * (lmmer&don-l)aldu—ma> ‘
M ve M B #m.ﬁhd& iki manifold olsun. - Eger bir
£1M == M AdrsimInun  Facobien matrisi rejpler ISé ninst
by £ dénbslmine bic Immersijon denir.

2.Tonim * (€7 de .,._”F?’&&f—_a) ‘
N bir n—f b@utlu c“snufmdm man(fold olsun.Ejer,

f:N—€" fonkesiyonu ir Iimmer\s\iyom ise f(N)=m
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ma/nfo)aluna/(m <€) EN de bir h:'oer&uzej denir.
Omel;// N=£2 ve &3 manifoldlarint slshm.
N — g3
Goy) — fluy = (X,9:0) olsun. £ bir immersigondur. ?
AT ;J
‘f’—'—(fuflif&) e ._‘E.L %f!-_ i otne i
FrRanion e T L i 4 o
% 9 @

rark If = 2 Jf rgﬁlerd.'r. (Ginkls tanm' vzayinin;ranina eplt.)
=> f:N-— 63 bir immens\'fndur

‘f(N) M = Z(X,g,o) (X;g)és‘zj kumea: 63de. lo.r
h\Per‘duaega\u“ |

3. Taam *

a) N, dllid Uzsdmda n- { bodu'blu \yuzgja( h:pefdui@) diye,

| =~

EN de bog olme\:ya/) bir (U eglk ‘lUMe, Jrem, \7‘”,0 #+0 0.0,

A Bﬂr
m=5x: xeUcer A f: 0 AW
x—af(x)— c=Sablt
Al Lumesie dealr

b) n=2 ise €%*de 1—-\362@& (hipef\yﬁzed) .
\\ \,,3”§
M=3X=(xy) s XeUSE2A f:0 — R X

X’(xl\‘g) == £ ()T f(XI&) c =8a8bjt
= fluy)=c =saeit , Uf#0

Sonyg * el de hl"oe,f\\j()'zej, bir ddzlensel egridir.

<) n=3 Ise €dde 2-bowtl \gﬁae\je(h"}oe{gﬁzeje) kisaca ,
Ylzey denir
d) E" debi n-1 ydzeye n>3 ise gerellitle h:fpé@ﬁzeg denin
O"rneb,// (81,82 /2..,a7)# 0 , (81,82/-..,a7)e € ve bR
olmat Y2ere €N o HiPERDU2LEM ( (-1)-1) dizlem) Qiye
M =f X=(X1,X2)--.yXn) s XE EN /\4.% a(X¢ =b Z

Lumesine Jenir:



f-E“-——-WZ Moo il
X | f(x)- 2 sw, allnlrss = f(x) b= Ssbrt

Vf (ax /ax; Jm== aXn> (m,az,---,an)#‘@ -] .‘.;.-.-n'z.\'.\
E“ de h:PerAuzleM ‘onr hiper\guze&dm
Orael V EN de birim (n-—l) ~kiire
s '—fx R PRAS & xe€n A é xi2=l {
olerak tammlam\‘_/)or-

S i e e Y
X= (X0 X2p-m X0 ) =2 £ (X)= 2 X{2 ahrssk , fix)=1=c olur

Vi el Xa )iy Xn) = (2x4,2§2,_-_,2xn) 2200 Xe -2 X0 ) F O
=> V£ #O elur. ’«7 ) );(’AYn 2&1\)> ;to
Sonvg > EN deki (n-1)-Lire bir: hiperydzeydir.
n=1 ise e'de S Lire bir nokta .,
Ix)2=] & x2=|
n=2 ise B%de S' Wre Gir gember ,
n=8 e €%de 8% kire bir Lire ,
: ENde S™ Live bir hiper ltedir. ¥
Braek ;) €N de bic U agic sl Limesi verilsin. & f: 0 %8
fonksiyonu  yardimyla €1 de bic,
M=F X= (X4 X2 oo, Xn) TXEEN A Xa= 00,2 - o)
slt Lmesial tamlayalim, 8u skt imenin bir  higeryieey
olcdugunu 3osterehm
Eger 3(X4,Xz,... Xn—:,xn) f(\’l/)(z/——-/xn ;,Xn)
olarak tenimlacrsak ,
900) = 50, X2, -, Xn-1,Xn) =0 =c  olur. 510
D> m=ix:xce"A gx)=0]
Vi XeyaiisXay, Xa) = (ﬁi (2L L2 5 ) #0

N I "X
Sonvg + M _bir Wybef\«gﬁ')aéwch‘n




T T 1

g . 64
Tanim : (Hipegylzgy Uzerinde integra) Egrisi) ¢

M-, E" de bir hiperylzey ; X, M Uzerlide diferensiqellese -
bilic bir veltdr alant [XE€UM)) ve <, M Jzerinde epri” olsun.
Eger X Am herbic + parametre degeri igin ;

_%%Q_ — x(x(¢)

ise ; ol ggrisine ,M yzerinde X veltdr slenmia bir integpral
&grivi denir.
Toam *_ (Riemsnn Manifeoldy)-s-

M bir €®® maaifold olsvn. M Uzerindeli velktdr
alanlariam vzayr %(m) ve M Jzerindeli reel deferh b
fonksiyonlarin kimesi (halkasi), <, R) olsun.

<, 7 UM) XYm) =2 <> (M,Ie)
seklinde bir j§ carpm taumh ise M’ye bir Riemgan
Merifoldu deir. 6:4:1996 [ e+

—————— S

. Tdaim * Rtemgan  Marifola tarimindely <, > s garpimina ,
metrie enséc veya Riemenn metr(§i deir. y¥emo
 Bir M meiifoldy Gzerindeki Ym) veltdr alsnler)
v2ayinds tanmh <, > le cerpmi verilsin, Y X Y& (M) ise

<XY>ecCc=(MR) olur. YPpeM Igin i
, %x,\{>),= =<Xp.¥p> €IR dir

663)2& <17 P UM)XUM) ——> (M ,IR)
@l e iy D

s capm gardwayla <, > | T @ X Tn(R) —» IR
i A A ™ (P, Vo) = YD o =Xp)Y

15 carpml eldz edilmis Our

——

Tanim : (Yar Riemamn Msrifoldy)

M eic diferorsiyellerebilic  msaifeld  olsua.



- P
= ilagido s

M leorindelei veldor - alelarmn  «omesi 2{M) Ve M

Uzerincki - c®® :smn-fmdaq foﬂks:&ahlﬂfm~ wme\si‘(haikast)
écieu: c=2(MyIR) ?Fl 2 M mj kupres  bitim  elem 31l
komd tatif kit havedir. (C=MiR, B, @) , cisim degild/r.
s Yfgeac(Mur) igin , ¥pem . RO
(f@g) ey = FlP)+3(P) ., (Foy ){e)= £e).o(p)
olmak yzere (C"?«M, R ), @) afep dgfa'l
<, 2 0 M) X Y() ——> = (M IR)
fonksiyonu 5

14— 2-ler (bilineg )il ;) ¥ XY, 2€ 4m) A Yap£ IR jsin
(’&/&e jp"[e) <$X1’bY,z> = S<X,Z>flo<\{,‘2>

<X;aYtbz> = oKy >+l z>
1€~ simetr/ oellig!; ;<x,y> =<yY,X>
- IxyYe WM) i5in <x¥>=0 => Y=o

ozzllikler) d@ru nSe M de_\ﬂfw demr*.

-
PR L Es)

Ornek <2 : R® (AT
: (xw{) — XY > fonksiyanw
i i '('- =\
x=(Xe) » Y=(I1y2) (510 V' xe ndm) isin, (is sepintde)
<X¥2 = Xy = X2 yz - olsun, <XXD=0 (=X=0 A,

i = ~<axtbY, 2> = <a (M)t by 92), @uze) >
= <L@X tby1,8X21bYy2 ), (202;)>

= (@xitly)2)= (8X2tbyqy)z2

X, ZzV+tb<lY,Z> ol
Berzes selilde  difer ozellller s Henlir,

M- > =<V x>

’Z o aal
i — IXEIRL Igin x> =0 =)Y=0 = =

X=(4,0) N=(91g2) "‘%>i<xl‘/> = 2] :)w
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L) X=(0p4)  olsun. KX MD T OyYp O =Yy =0 5oL - il

= (Yy2)=Y =0
O halde IR* bir yert Riemonn . masifoldudur.
Riemean menifoldu olmasi Vsin\ pozitif toumhhil Ozelli§i
seflernalidirs Ruawn sg/aﬂmadgmc Séelim. (Aesine Srhet i)
IR % bir Riemsrna mani'foldv dﬁ?»’ldfn
Ornel o X=01,1) ‘olsun. u tonme gore. <,x2=1=1 =0 olur.
O halde Reimsra MM:’f@IAU‘As?fIdfr.A
Her Rienaras maiifoldu, ys1 Rieman men)' Foldueur .
Tersi dggru depilair.
Torwn - (Afi0_Lonoetsiyen )
M bir v maifold olsvn. m Uzerindelki velbtdr alsi-

larimn L2y %M) olmak. lzere

D : %M Xym) —> im) = .
(X/Y) — P XJY>=DXY

fonksiyonw igin

i~ 0f)(+3YZ = £0xZ tgby 2 { x,y,Zé';L/M)/ﬁﬁeaanm
A4= Dx (fY) = fOxY T (Xf) ¥
czellikleri saplanyorss 0lye M. meifoldu wzerinde toir

@fn’ﬂ QOﬂﬂek\S\fj@n ve Dx e de' X'e \Qé'regl(—ovéf 's‘éffrev
operatdrl denlit: . y 0 v ledd . BETEN
Tooum ¢ (Riemsn KQMeksf&Q(zu)p?, v 51 !

M bir yari Rlemasn mesifoldu  ve D, M Jzrinde bl

ofin  kontelesiyon olsuns. =] . ‘ Ny
{- D, c™ sinfindercir j 3 lesanitagll

d= Main bir A bblgesi (eerinde <= sifindsn olsn

VX,Y&E 4(m) igin OxY = OyX =[x, Y]  d



“He ~YX,Y,z€ M) , A bb‘ge‘;‘,‘n%da < < simfindén ve
VeeM igin , Xp<Y,;Z2 =K 0xY, 2> )p+ <Y, 0xZ> |p
Baliitleri seflengorsa , Dlye M lzeriscle bir Levi-Civita.
(Riemann) onnelssiyonu - dlenir.
Odey : E" de tasimlsasn O opesstordnin  Riemenn absminda
Lovaryant tiirev operaterl oldugum  gdsteriniz .
xepEn) ve £ N 3R X(f) = x[P)=< X, UF Do
4%‘6 EN de. bir lecordinat  sistemi. jUj U -+ punl ve
Xc(xuxz,..-.,x,,)‘n"se gvf{%/ﬁ/"u %%n)g

N
=> x(f)='2 U7 Xi‘

|f) Y e (\‘,11321 -—‘13/}) DXY = (Xf&!]lx[yzj/--«/ Xfynj) T
UG Bee Nifin Saflandiy) gevteribr.
Ns
Teorem: XE A(EN) ve 'fﬁ =y s‘:'“lk' ohsun .

X =X(Fl= 2 S X XD ¥=(90)
Ox Y =(XCud, xLy2],--.., x[ya]) olealk taauml ,
Dt YEN) X UEN) —— LEN) B -
operatory  {gin .5 ‘ | AR o ¥
1- Dx(¥Y+2)= OxY+0xz
Y i Dxﬂ) Y = OxY+ 0wy
44¢ — D%(p)xY = f(PIOxY => OxY~=DyXx=[XY]
v < Dx(fiV) = X[fl¥+ foxY Lt anineT
v = DYIDFI= X(YR)-Y(xf)
vi = x[<i,2> = <0k Y, 220+ <Y,0x2>
Teoren  (Lagroye Gopsn Teoromi) s - s
Efde bir aqile lime Uve U Jzerinde  diferensivelienc bilie )
oic fonkaiyon - 20 =R ohewn.

!g\An



, _45:
M= 3 X= (XayXpimp Xn) 8 XEU A £(x) =c =sabit [ (Jags]

VoeM isin, Vfle #0 (ENde hieeryiizapdir.)
hiperylizeyi (M) verilsin. Bir diger. 92 Y =——*IR
diferersiyelluebrlic forksiyonvnun PEM nolktasi bir
ekstremum (min. veys mex.) noltasi ise ./ . |
eks’r@wwg 1°) YReM , 3@ = 3(P) '3 pygnimiisim N0 ltssdr-
Noltas | veyd

22y YR EM , g(@) L9 (P) * pyinin Meximum noletadilir.
[Vdgjfjﬂ?t?.ﬁ)ﬁ Olecak sekilde bir A reel sayisi  vardhr

Not: f:U—> £ ;
X = flx)=c , Vf’ﬁ #0 (hl'FffJJ,Ze\j)

Hipryisaey bic maifald oldguder bir efei tomlembill.

el —2 U M 0
+ — (t) olsvn.

)Y

fox : T — (R
t = (fox)(t)= f(x(¢)=c

o b o(f.-_l_e‘_ca—__",,=
->2.%_(f0 ){#) ) —F(K‘(H)

0
L= OF | dotgd L L v, % f
i DA Jt AT < ffm,.\,i

Zrinin
Bir hiperdu;edm 'jrsche/){‘ veletory , her noktadsa 6e9me‘!

tegetine ditc olsr veltdrdyr-
=> ;3 R %% lp e

6mek// Y4yttt =%
)= (x(£)yt)2(¢) bire Jawrinde bir i olsun.
=3 X(@)2r y)2+ 2()2 = R? |

=1 d | Fvle)? 2 27- dR2
>§z__[x(t) +y(t)°+=2(t) iSF Cap

= d d &
= 2 [ xt0) S +u(t) Gt +2@) 2] = 0
Lp uwu\del«} er

/(weéu
Al Ft A e:*’lﬂ.g é l("if-

= {vf,8% > =0



T itpat// Tm(e) s M nin P'Aeld tanjaat vzay olsun.

bey M=bay Tm () =n=1 , kg€’ =n
Twn(P) nin” dik tumleJeA u2ay) {Tm(p)j
V= rD@ sz
YU euw A V\Q-éwi =] y,¢P=0o
Wy =@ A \)JQ\'EW"'

Vawd wd = boyV =b°JUU+bon-'-
eo\\jZTm (P)j =n-(n=1)=0=n+l =4
Tm(P) * Ly

PE Tl v 1 Holn |
’(FMJM* IJZAJ :

| T (P)]l PR v24y.
aradieat veltory ,(VfO")) M Uazrin delei her taqgent
Velctole diltin Uf’f #0 di. 0 halde lineer (offws:zdlr |
= ?TW\(P)K vzay) thp tanfinden gerllir:
6 uza%yde!u her veletor Vf ain bir kati olwal J&Zl’&bl)ﬂ‘

Eger, Op €5Tm(p)[* = Up =avf Jp die e
€3er, Vpe, Tm(p)” <=><Yp, Uf> =0 din vFf

'@’re'Tm(e) =) ol : T ——s ;
| t— () verdw ki Gp=(to)

Ve P= N(to) din
Ayrica g fonksiyoaw p noktasinds gy T m (min ve. eya May,)
oldvguadan \q(P) 9( N(to)) (30 °<) 'l:o) : W \ah O
=> ——(SOD‘ Ny, =0
MM =P ’fa nd 4

=> Vg | Lec/(to)l: | g™ *IT =M | il
=D V&\é(’ﬁv\(f’)) =3 S NEIR| Vsho =2 V‘f‘f o i1

R i T i i e Y
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Outle: f:m—> IR o (h B i e
X = f(x)=c X —5(x)

| Ej‘er,. P9 nin bir ebkstrewumw e 9 }p T QV—F'IF dir.
(')'meh// M, €Y de ©irim ldre olsun. Yani ; UC"‘E3
M = ZX (X1,Xz2, X3) ¢ fCXqu,XJ)- )(42+X32+X3 -’I f

FBEEI=S I e BT : |
X=Xy X2,X3) = S(X) =3(%, X2, X3):

90 =3 X a2 Xo  tag X g2 2.b) Xy Xe F2byXaXgh2 by X X3 =R 2
fonlksiyonvaun  elkstremum: deperlesin bulug .  (aé,bd ER) - |
Vf=@X,2X,2x8) |
Vo= (2&4')(41'2&4)(21‘ 2by X3 , 2&#)(2 t26)X).t2byXg
, 284X3 +2by Xy + 203 X2 )
pEM noktas elkstrevum noktasi ise by noktads,
valp=2Vflp olkn 2eik V&/ohr ? T.

=> (2&4X¢+2b4 Xz +2b2 LM laz X2 1-2.64)(4 +2b\3 X3 s 263)(3 T2bzX4
~ +2bg X2 )=

}

* <2X1,2X2 12 X3 )

= Nt Yet+tbz Xz =AX dhits | 3 ks L |
| & b ba X X)
S Yoty X) tog X3 = A Xon T2 |y &z bg| X2 [T 2k |-s.
. b X3 X3
Ay Xy +ba K +bg¥e = A X3

a. by by X4
=>3f by 82 b3|T A3 ([ X | =O
by by &g (SR

e S

X vektor A metrisi  AX = Ax | =\

(A-2I)x=0 (A’ an ozdgen = Bigen = leavaltenistil deferi
A'ya denin ca
1° Sonmg * g’nin M Vagrindeki  ekstremum noktalsrt

R b{ bz ‘ ( L7} 14
= | by 8z bg matrisinia oz veletdcleridir.
by by &g



dé% Ebstrevum Scherleri ; A i Szddperleridir:
9(P)=a. din

A 4 i v i

Y Sonug ¢ Goylece en fozls g tare rolete elstremum

N -

noltas)  buluaur. (3.dweceden bir politomun en sy bir reel

ol > (%
ASWHLE

Lalky vafdar.)'Himu‘k@ Uzarinde e a2 bir elestremum

clgen' varair:

Problemler

! 4 J J 4 rl i 4 4

1- abecelR v& ac—-b2>0 omak Jzere

e =50, %) EIR = £01X2)= S X 426X Xt Xo2=1]  { Ave m

! ,. ' &b\ nin 4
t ' o () ) - 1 2
elipsi V2efin de O(X{ X2)Z X ¢ oleralk tanum lans 9 {mlc-f;efuj’ﬁ 4
t ¢ 'y & < r T
—fonudoﬂmm Meksrvium VM MMmum NOkta)arimin iz d il .
() ve (_b_ olduuau  qdstena. Y
(7\{ ot )Ha‘(m.‘/l) ‘dJ §es

2- =00 xe) t £0axe) = x.'}xz‘-ij Gember | Lzennde g: IR —e
3()(“32),’3)(12T&X;,Xz‘:té?l’zz/ Scell Ve Sc-b* >0
fonksiyonuavy  els tremum dg?erleh% ( ’f,é)) ma-tr)singn
eigen (02) d@efiejz‘ne esit o’ldx{’ﬁmul gosteriniz.
= M Olyal X\ +Xa*4...txn? =l bitim hiper llresini; o o/arank da
&ij =a5i z,;r =1,2,-- yn olmak Uzere 3(x4,)(2,,-,x,,)=é‘ aJX,)/J
fonks) \\)onw\u slavat , 9 oln M Szerindelei e bstrenum dgefleymm

(@t’T) matrisinin eigen deperleri O‘dudunu stwm

4- —z(xf-r\ﬁ-z parabdeid] #zerinde (0/40). hoktasina e )i
Yol noltalert bulva. |

S-Hacmi 8md olan dikddr£genler Pnz/vza.s\ peklm&ela biC depoaun

Maksimum  alaam  bulun. 3 5




~ ey 45?-
Gozumler

1- Vol =AUflp N elstiovum deferi
=> 99=X, 2%) Vf=Q@xt2bXe, 2bYit2cXo )
(2x), 202 )= A (28 Xpt 2bX2 2bXp t2cX2 )

e e

=5 [i g}[}){(;] - M [);;] =0 (_?‘:_-:/# elasal.)

([ i‘bj—/ﬂIg)[))a]zo M [;@ f] in rfv’zdﬁfgfk/“ﬂfr,
3 A A e AR AT S Al

Q-p b l::O =) (@"}‘)(C'/f")_bz =0
b T
= a?-Hate)rac—br=o
=9 2‘(/2 - (& +¢) ?\l(&fc)?— Q@é"bz]

—
—

2
A
Y AT X o2 0B
| : < : N Az
7= PR TRED) [a Al ]{ } o
' =N _
= (@-2)X1 thXy =0 :3’&—?\4 b =0
b¥it(c=2)X2=0 b ec-ml L,
SR : il i Y Sonsvz GO2M |
(& m)X; —~bX2 =) Xsz rark =4 | verdi.
ALY :
(’7/4) => [[a=ay)Xa= ~b
xz =) M=l 1B | L b -
s -M | M=k i b+

A-8
(- M= Ay &lmirsa , (X, Xe) = ( ﬂb /{) olur.
= 7 Sk 4 aTd 4 t
Runle— miniaium déae//e/idfr.

Poaboloit sonswzda D'dUSIJ i'qin, Minjvivm dgefdtdir/ff.



- 2 s - =
}':.9%-*31.-‘_«’\)1 )

PR Ao

M=F0ny,2) 2 Flxgz)= Xi1y-4z =8 7

hipesyizey (&uzed) air. |
3()(,‘9,2):: Atz X+(y-1) *+z2 alinmalidi

VY= AVE vv3=(§2x, 2(3-:),2;2)

( L UPE(2%2y,-4)

(x9N ,22) = al2x, 2y, -4)
2X=22X . 2(y-U=2vyA, 22 =41

-»

4 0 TR (S T— N— 4 Y —

0 N TN "o

) TR W ——" — |

I 1\9-':!»‘—'1'23 ¢+ BE=2Y

N S " —_—

X=0 =

0*(,-7),,'4(-2 =8

=14 Lane
(I-a)z2 8

=) 1+ 8all-mr=e(1-2)2
ol (el lads | IS B [ORNDE PY RN
" = 1» 8(1- 7\)"[1 -]

J
X=0, =!__'%_,-,-‘"_£‘Ti='2 = 8 (1- z)3 | %
o et
P(Xy2)=r(0,2,-1) // = |
5- 9(Xy=z) ’Z(X&‘f-XZ'fdz) | FORRM AL |
M=Jongiz)  flaye)= Xy =8l AT A
Vg =AVf | | ’ \
2,(3+z,>(-rz,)(+3) :q@zllexd> ~.
2(ytz)=292 | Itz _ Xtz ;'Xf.ﬂ

2 (Xt2)=AX z U e T EAY Xy




5l
= X(yt2) &= wlxtz) _ 2(Xt9) = Ay tXz2 =Xytyz = Xz ty =z 4
Xyz )(jz. Xy _ |
] =) x=\9=2
0 halde veiln epo Lip sethndedirn
2(X3y)=2Xy => 2(X+x) =X X

— = __4___¢_-4_-j-: == 6 - A——~ =
Xyz =8 => 4 BiteEris SRl gty W O

X=y=z = —29: =2
Plor= a(xytXztyz) = 2(4t414) =24 br? ,  13.0.96/C.ey
X Taam:® €7 de bir hiper yuzey M olsun. BoyM= N—1=bay %M J=boyTm(F
PEM . boy( ’2(.(m))‘l'=1 . Eder (?(,(m))"' u#aymm lv.’r or+on9rm.g)

—p
LR L

baz N3 ise N e M'nin birin rormal veltdr slam dent:
- sl
Orﬂ@k.// M=Zé(4/ xz/-_,IX/\) : 6(.\'1/ Xz;-,- ,Xﬂ) =g =3a ef‘t/ 0éC(€/}lR)j
kimesi verilsin, €er Y9 #0 ise M, €M de bir hiperyUzeyir.

Dy ﬂ .—2 a,j .i._ (=) (En)
Y = (6)& ax,_/ IXn (=1 AX{ 9X{ i
ey
XL =M, (X o yn) GIr 2Pt olsun. (M7 de)
t > X (t)= (ft),. - , o (t))

M —3 R
X= (%) =2 8(x4)=9 (x) =c = Sabn‘:
1£1€a

V== gon¢ ¢ TlroohsiR  shalasl '
9o r -—-3(9004)({—)- 3(u(t))=sab:tvc /

a(g(u(w aggo«) ’ [ =& .9k | He¢ L dd
LT TR T
=> <V )y )/“l(*» =0 = Ylyy L (t) {340

=5 )€ T(x@) =3 Vg luig) € [Tinletw) ] *

= WE[GFMITA BF0 cdwgundar ,J7g5, %m)™ in

bil  bazidif-



M nin  birim  normal  velkter alauy

= e
N ”VJ” olur.

" : ‘ ' n
- . '2—- L
Omak// M= § (X Xa)un s X ) {:2' X frzg s EN dekf © yarigaph
kire (hiperkire)

f W
WX oe- s X0 )= = g2 = Xi P22
=)

= v3=(zx,,'9_xz,-_-- ,2X0) =) || Vo llz 2%+ X0 2

Va..zr = N=_Y9 Z/(Xczxzz---,Xn)
11(731] ,Z’r

L 2—)(! é)(l < %(M)'L
(=

E? deki hiper kifesin birim namal velbor alandir.
Tanum  (Hipergizeylerde M&oniw_\darme)
Bir hlperguze\vm binm normal  veletor slaa N olsun.
(-N) de hiperybzey Uzerinde <liSer bir birim notmal

veltor algndir |
Eges birim normal veltor alsii

igin , hl',oer\tjtke\\? Jzerinde bit yon
segilmigse ; (diga \9"@1& el Al
N, veys ise yhelle weltdr alon (-4) )

hnpef\guzede f ynlend.n(m,,shr denir,
..lH:po’JUze_g Uzerinde Jeodeziller
Jeode zikler , dyle efrilerdir ki, €N de ddsrulari th‘?ol@:

rold , M doki  bir M hiperyizeyl 2esinde oyparlar. |
orele , erdl (BN de)
'T; 7( ,_».f""n:‘/, L)
A ‘j o S? - A= (alz 8242y 84)
— :s&__\ | U= (bl/bz pont g bn)

- -,
*ajiteicd

Y R SR VASSvON I W N NSy S~ ——"

-




OX = OA + AX X=34AK AX=40 [ e

1° X=3++t0 , £ElR

20 (X1 Xz -2y Xn) = (&1,824m-my0) Tt btybzgsmarpbn)

=X = af +b 44 1< ¢L&a
3¢ bf#0 Xoal o . o M- larleayen derklem.
by bn ;

Senuglar * AL
a)y X/'= —d—:—‘;U = Sabit (hz veltdry sabittir.)
b) X”::‘ ji)g __._5’ by V@éz_(eh) ;'ﬂ'n -(;)..L X" olur.

(lume vektBib'( , vektdr alsnna diktir.)
= x”éf?’En (P)]'L
c) xtzo=___ = x"
Toam* (Jeodesit) :
m, e de bir hiperylzey ve i ——m bir epri
0'5unot-:3er Y, é’f"r‘a's;'/)fn her noktasindaki ivime \/ektﬁr[};
M nin by nobtadsatl torjart uza\yh-é ortepnal |se g yaal
N”(%)éTm‘L(,d(t)), veel &;:’n.f s 135 M Hzerinde bir

T eod@zl!ﬁﬂ%f”r , bisaca geodezil denif-

Teorem ° Jeodeziklerin  her noktasindald hiz velktorlerina
wzunlollari sabittic

Ispat y AT = M| | Gir Jeodezle olsun. = el"(t)E Tmtx(t))
/8 :
| =2 ()

= 4 o L | / o< = / N )S> =0
> o'l ~ = f= < xte) ,X16) > 2/<] w(t)éw (t)

2 ;
= |l = sablt = ||x/t)|l= Sabit.
H;pe@oz@ Varindeki Jeo de2i§in, 2 ve ktir(j sablty a0
bie velddrair. :



‘T:O"r/)ek / N de bjr h)}oerdﬁzey M olsun. Eg5er M bir
dojru pParsasini ka'osuor.sa , v dogru pargen M U210 de
bif  eo de2ik tir.

<: T —> M Lo Lol '
t — dft) = P+ 8 forksipony t@amisnirs

| L
VYELET lgin, ¢/ (t) =0 => /(t) € T (x(t)

I e
I EYERE THL L
-

=) ¢, M Pagrinde bir Jeodeailtin y
Oraek y €3 de M =3, Xe,xs) * X2+ ==t [ silindir]

Soerinde ot T ——sm |
+t — ()= (CQS (af'fb), Sin (&'t‘f'b) / Cﬂd)

obC,d ER, 3’#1& wil@or, Bu gfim‘n Sihdir Uzeinde  bir

Jeoderile dvp alfadigine arqstirin.
</(t) = (=asin(attb) }aca\; (dt+b) , c)
o(t) = (~a2ens(atth), —asin(attb),0)- 7
=-3% cos (atth) , Sin (&4:4—6),- o)

f‘ X'Q‘l’ X, 2=1.\ VF';—(ZXq ; 2X2 /O) ' P ShoaT

= A= Ve = Z{X'/erg) =) N=(,X2,0)
CHEl | | ATREERT

M wgey = N(l) = (cos(atib), sin(satte), 0)
o/(t) = =02N |ypyy =) () €T ™ (xtt))
=) %, M Geerinde. bir geodeziktir-
Omeky €° de  S*=] (Xuke)Xg) = X+ X0 X3t = d
birim kiresi Uzerinde , Te3 Un bir oftenormasl beel

= | - =
feie, &)l  olmak Yee

§ Y R (WY N (PR (N WV W N W o W o po—'.

“ .\“-’so\i‘-;v’

Y N

T

Lo

-+
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<t T — g2
£ = x(e)= Blans ot +€2siNet  gember (Viple gember)

Wre Uzerinde bir Jeodeziktir.
</(t) = ~€el.a sinat + ez,a,cmat
() = -] alaniat — €, a2 sin at
= “&’L(e; coJa{' + ez_ Shat )
—_—
N i) = <te) = (C_o.Sé'b smat,o)

= 0 = =2 Nlwter

=)ol //(t) é'[;:L(n((ﬂ)

=) K bir Feodeziletir.
Nt

N . B (-t)r
L‘*’ T=<tof

'Teofemi g7 de bir ht'pzfdgzed M., PEM ve \/’pém(f)
olsun.Bu taltirde o€k yi kapssyan bir T agie aohfl
Ve bir X:T ——m  Feodezil 55/*{44' vardir i

a- %(0)=P ve o(’(0)=-\7,° .
b— R: T ——mM diger bir JeodezIE ve p(o)=r,
gU0)=Vp ise T< I dic ve YfET isin Rl)=(t) .
ispat ), M ain denkleni , EM e tir agik U olmak Jzee

f: U —R ({€in )
X=Xy —= fx)=c olsun :

Tflp+3, veem. => Nlp =Y [ alnebillt €5er ot M de

bir jeodeail ive
= ) ETtlte) = < @) =35ON] viey
=> () , Nl > TN lte) , Nlx >
=900 < Wutt)y Ny >
= g(t) = <@<"(1t)/M'}o<{t) >
=) o(t) = o’t) , N (x(¢)) >
= %) AN Q) ()



(=, Now)’ =j*;<o(', MBS = << o™ > <) L (Mo )

| = L™, Noxt > = <<%, No > =<, = (Nox)>
LR’ NP =, N> =0 =3 <e” Mo 2® =0
=3 L™, Nose> = = <ot j‘; (Nox) > ;
=>3=—<€<'/j‘?(uo°<)> =) & =9 #) Mgt ) |
= () =g ()N w(t) =0
s KT S (Nox) > (Vo) =0
X(E) = (24(t) ) <o ()~ -y Xn(8) ) = X (60 poln) Ve
N =i Nz, .. No)  Oleale yazilicsa ,
=) Nox = u(«) (N () N2 (). .., Mn(o())

= (a/4oo< /Mzou, —ee sNpoOx)

=) ﬁ(NoD() :=(d—€(u;o°<)/ (Naoo(),—— /dt (Nﬁw))

S fory = & Wi o
j4 AKXy dt

NoX == Ni(ot) O o= = o2
B ax; | e,

dWox)= = = 2N deii d -
é(o)b,J‘ oX5 dt dy, Nt

L s
AT
K L nin 2, F.-inci bilegent . : (14L& nHt)
\} d2°<3- + 2 N, (D(‘/,.._ /D(/H") 6;;‘_’ dodyd  de<ie =0
dt Jke 0%y | dt. dt

L 2.me debe den
(difer arslye ] denle loms .slséem)

x=%(t) by slstenin cowml olsun.
I‘(_(o)= P ve «/(0)=Up olar birdel co2tin verdr.
¥(0)=Pi,. _ |, on(0)=Pa

°(i’(0)=Wﬂ/-” / “:\(O) :WFA
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Bir PemM den Se5en jeodezu’- vardir

f"(f?/fz,..‘/Pn) VP-(u,,Ve;--‘/VAH) =D %)"f’ o’(0) =Vp
EjeS R(0I=P, ﬁ(o) Ve olmak uzefel (o)f‘/
R:T, —M qozbmu varsa,
%I —oM = YeeIN o kin p(f) "'{(t) ol
Lk NI, |
Toam * &u X Feodeall émsm.e M Uzerinde P ’dm cheﬂ ;é‘.
bé\g(@g:s mzi —\7,: olea MﬁZSJ/ﬂﬁL Jeodezo& d;mf‘ _
Problemler
1= M =5 (X Xg)| Ks= K 2=Xa jc‘&%$ Jﬁéedlfnin P(1;0,1)
- noktasindali  tefet clizleminin  dentlemini vazmn. (3af1) -=
2- FlXy2)= X%'H(z fonksiyonvaun _J-)-'-(?-,’?/‘) velktéry
 degrnltusundalks tlrevinin PU1,2,-1) nobtasn dg&o' cled"av' nedir ?
3- F(XI3/2)=XZ"&2 fonlesiyonunun , X2+y2f22=4 30’2@3%% nofmal'
bOJunca +drevini hesa,ofaymz. i
4= Xyz = X242 ylzeyinin M(2,1,8) nobtasindati normal veletdring
tepet dizlening ve pormaly deakleminl buln.
5= M=k, Xs) | X2+ X=4 Je €
M= G0, X2, X)| Xaixs = ¥a=0f 2 €3 yleeylainin aakesit

[ L4

olan 5rinia P(2,02,7) notkasindali spe (k. cé2im 5) (38(8)

- Goimler

M= ?(x“xz,x:) X3 =X2 —Xej P(‘/0/43
duzujm normslma bulahm. NLPX dm.
F (Xqu,)(;) Xz—X13+X2 dersel, ’
N=Tf =(Fx, Fxe,Frxs) = (=220 1,1)

Nb:(-g,(ﬂ)




X=(X,X2,X3) &lnirsa
FX =X =P = (X, Xe,Xg) = (1,0,0)= (X114, X2 Xg-1)
<PX,N> =< (XX Xg=1)) (=2,10)> = 0 |
=3 —2X) +X2tX3 +H =0
tefet dbzlem cleteleasilir- pa
2= F(ugiz)=XytXz  N=(2~2,1) ,P=(1,2,-1)
VE= (2xyt2,x4 %)  TF|p=(ad1)
Ivll=Vararr =3

—M-— 1 (2/-2/') VF’ Th _»'A \_.o ;I 14 L '2 ‘
vl 3 P’nvu > =@M 320> e..)//
8= FFXtag g x2ayirateg
VF=(2X,-2y,0) &= X4y t2t—¢ =0 diglin. + g
—
G nin noridh N olsun. OF _ i bumahuz .
. N <vF H ] > & V'
af [ ng rad G -,
linll ~ ”n i J | :
._.__._(2)( 22) ﬂx*ﬂ%} =4 (x,92) ‘
Nﬂ’ ¢ \y' g/{ x?U’Zfz 2 'j - ..}

113 =<vr=,ﬁ > = <(2x,—2w0)'§("0'2>>' et

Bir fonlesjyonun 3824:7.'/:.’/\ normaly 6@\1/)6& tirevt yire o
{on&ai_goqu verir.
4- x\\ﬁz— X242 , M(z,hs) ! F(xu,z) x\jz—xﬂ-z
a- Normal \/eb:l:orJ/. VE= (3:'2X/ XZ/X5>
| vF)M=(~f(oz)//
b= Tefet dizlem derklems 3 <Mx,70> O olmal;.
Wi X2 X3) —€24,3), (- 1,6,2)> =0

1X2,X3) =) 2-XteXs~(t+2X3-6=0"

=> —XiteX;t2X3=10=0




c= XX - 9V - _z=20 VFE=(-1,6,2)
Frlp - Fylp Fzlp

X\22 %=1 =Z=3
MNedid ol | =B normalin denlelemidir.
=} [ 2 : i //

5= M=l e da) | X 21X =645 Mo =J00,X2,X3) | Xy X3 = x2=0 %
P(Z,N2, 7) (F/eﬂe{- ve ekbriesint bu!unédw)
My de , X1 = 22356 , Xz’.&s;’n@x;

Mpde , Xg= —T—-—ta/le

o (0)=(2c036,25in6, £tar®)

25100 =¥z (=) sine=92 _wse = 6=T1C
2080 =2 2
Xz =tan® => € —’g={ => P(2N2,4) olur o

Leuvi- c.w{—.a ?arale.llgn 26,4, G)é/C-ée\\{

Tanim* (tmgi Uzmndz bir g" lye lisitisnay ve kt-or d!&u)

M bir V)i,oefduzeg , XTI —— N bir

Tri ve X€ %(M) olsun.
t — () 3 & L3
Efer Y¢eTI igin X(¥) = Xx(e) € Tm (xUt)) ise X velktdr
, e
alasi , M barindell < Efrasma kisitlarmigtic d.-/n/:
—4T Y O A e = iy
/Jx?t/)?@ﬂ oa RiIr M hipﬂ‘\yu (/' uzznndc,

)
4

e oir % gfnsfm. kaaAM:p lb)f X

\ )
K / - | =8 ¥ el wlddr olan Verilsin . X’In t0revl
s dx

X = =S oksun. X velkor alsat M ye ti_j,ai_ O/Me{yabil o
X(t) & Tm(#t) oerl olvak /<x,N(um)7N

X direvini &h,o deha Sonre / |
X't ) b33
Mpin otlt) deld f&Jewb
L Vzaging dile  f2ddsiim | % ‘ |

alerak , bir toggart veltor elde edeiz. Bu jslene  kougryant
di fgersivel desit,

° 7
X (+)




Toam @ (ovgyyant - Difesensiyel ) ¢ 2

m, e™! de bir h:‘pe@ﬁze\y olsun.c<: T——=>m bir pasametrik
i ve X ,M Yaerinde o¢/ya lisitlsamig  bir gri (% boyunca

M 'ye wsitlamy Lir %or:)ol.sws.

e |
? "“"“\,_.-. S - R

?X’(‘t) = X(J_c) <x(f), N(M(t)) > N(cx(ﬂ)v\,

f——

ifadesine X vetdr alomin koveryart difeesiseli denir.

X(¢) = 2 (¢) X(2) = X /6t)# <R(E), N (X(0)> N beit))

[ 2 e - <EBY = 131E')) cae

{ . AT 1o = Bl

{ <x,N>’(lX'|ul R PUN
Sonus - X(*t)eTm(ot(f))

Teorem * M bir hn}:er\«jﬁzeg l,//o{‘bs:r‘ ed?fz J_:k:-;m) ve X;Y de -
o boyunca Mae -l:?'et olsvn .
i~ (xry) = x'ty! |
(FX) = sxepx! £2 4L ce clmr)
=X D = Ky Xyt >
Ispat / P (x+v)/ (t) = (X+Y)7(2) = < aay) (), NER(E)) > NEx(t))
“X(fc)f‘l(t) X(e) +Y(£) , Noite)) > N( (1))
| = X(¢)t V() -§< X (), N>+ V), N () D j MM))
= (xty)'(t) = X(t)-t#(t) <3<£t2,_§l(0<(ti)> A/{oc(r)) <Y(f) N(x(tf)> N(x(¢))
= X/(¢) *Y/(¢)
i = (PX) (0 =(FX)ym <EX)'¢), N(o«&i)j N(xm)
= fR@1 k) ~ <P X + 650 Nt > Nixe))
= £(4) X(£)* Ft) X(t) = < F@ x(e) N (K (£)) >N @ (4) =

= <F)X(E), N(x(t)) > Nxet))
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P B vt M

-F(-t))\(t) + £ ) ket) = FO<X (), N (D) > N (@ )i
— fl#) SR N > N(e(t)
= £ X W) + F14) § X1 =) N El)) > N ) & cois
= £/(r) X&)+ F(#) X'(¢)
SRRV ERIAD BT D E TSI TSI
x> [r<x )= < Ae) = m RN E) Y Bl(xe)) Yo
+<X(-t)/ YH:) A< Y('t)/ M(x(-t—)) >M[o<m) St
=x(t), Y(t) > t < < X(t),,v(x (t)5>_;/7:(t))/7&)>
+XULYE) X (+), = < () ) NE(1) 2N () >
=K V) >+ <X (+), ¥(t) > B
=Xy D) =<, ¥D (¢) f NG
= XD =YD= LY 2R YD
Teorem * M bir hi,oef@b'zed olsun, <2 T —m g“n'\sn‘nm M Jzerinde
bir yeodezik olmasi igin goek ve yeter sart;o< nin, (7))’
kovoyait ivmesinin X boyunca sific olmanidir.
spat,, X = K-<KNDN
= () = ot =L UN DN (tumdan)

=>1 o &risi M Jegrinde bir j'eodez}t olsun.

| d(t)—jf:}t = £1t) & TuT(x(t)) =(x Vet
x=x! = X' =() € Ty )S Xe€Tm = X' € Tan
| =) X & Ti
(“’)féTm'L ) (".)/=O olur. :fu_;..,;‘.r

<=5 (%)'=0 olson. = (%)= X =L, NP N
=) X = () + K NIN = =< N >N

—t

=K"= AN = (e -rM"' =) < bir feodeeiu:fr_‘k)/



Toam 4. Go=(p,3), Wp=(g, W) o

¢
G =Wy = P=g A &=U / -@
Toum 2. €M de il taqjant  velktdr, f - g’
@;‘:(P,@’) ve - We =@, ) olsua. ESer V=0 ie
@;‘ ve GZ)Q tagat  veltorlert \iEucudv_zaA anlevinda —~ 314
_peleldirler , denir.

Tonim 8 3L ——o€e  parametril efrist boyunca bir
T T T .| &l ke

veltor alsn X olsun. €5er her 41,4, € T igha X(t4)=X (£2)

ise. X veltdr slan, o beyunce €71 de Euclidesr siommda
paraleldir <eair.

Sonvg * E5esr X velcter alsas eM! de b"rffw%?—n;s}@?&%m

=) X(etht)= X (1) =0 =) XEPE)I—XE) _ o
At

— lm  XEtAE)—x(e) _ =§ax(o= f . X)= X (%)
? 0 At PRIt EE T P AW{ S XKL

e =(x(t), X'}

E)c‘.li_dg‘ aAlgn‘tMa parslel ?ae YtETL igin; X(t) = X(t+Aat) =>

. -y
- T

Tanim® (Levi —clvita Paalellisi) ¢

.

e de Ur hiperylaey M ve M Uzrlnde bir p@r&ne%ﬁi;’;;
egn‘ L olsun.€3er XX T — M  ofridi byyuncs bir diferen -
s;de([e/\ebilfr X velktor alsa iein x'=0 ('loua'\\;an% d{fae/asfge,l)
se X vebtr dlon Levi-Civits anlevinda pwsleldic denir.
(togort veltorle  poaleldir.)

Teorem® (levi-Civite adamndski paaleliomn G2 llilelei ) :

{— Ejor oL boyunca bir X velbtor slert Levi-Civite anlsminda

per@lel e D_(l/) UzUnLuju' 'éabi{ti-fdf‘.

e T S L S

«- Eger oL Ryunca  Xve Y vektdr alaAlar Levi— Cinita asleviinda
paralel iseler <X,¥) sabittir



4
L — £ o boyunca X Ve Y velbtor alealeri Levi = Cluite
anloninda  paslel ise , salsrndst 8G1L Rbittir.

Tty - Ejerd (‘-’fj‘”‘c@ Xve Y Vewté'(’ alealar) Levi- Cidta — '
anlevinds  pasalel ise . X1y de o bgyunee Levi-Civita
anlevinds  passleldir.

V= E§e X bogunce bif X velsr alenl Levi=Civita anlamme
parslel ise vecelR isih X de X boynrcs Lavi= Cvites
anlaminds  pgraleldit.

- &ic M hn'perdﬂze{j{ Wzerindelf bit < pasmetrike ?’ﬂ&l’
boyunce ©¢ nin  hiz veletorinin  Levi- Civita ej;laahmda "

- paralel olmast igin geree ve yeter sart , =< nn M leesinde

bir jeodezik olmasidir:

l'.sPaf:// €= X velddr alen < bgywnce Levi-civite anleswnde
paralel olevn, =2 X/=0 |
N, M nin bmm normal \Jelctof‘ al&fu =3 <>(/N> (9]
= x'= % - <X, N>N = X = ><’+<x1\l>/\l G x <x,N>N
=X = LI NN, XD = <X N> <&_>5> gpl [

<Xy x2 = xi® =’!d—‘:_—”XU'2= 5,4: <X XD 5

E <>'<,x>+<x,)2> =2dX,x> = O
O iy
=) 'Z
=) [Ix)|% = sabit =) Hxll=66bré: | Yeaz]

- XYY = <X = <X, 1 Ddus SHVIP S <0,v>+<x,@>-o

—_—

0 o
= K> =0 PIXY> = - Sabie

- X ve Y, w boynca Levi— Civita anlemiindas pavalel

olsun,



—5 sabrt

oS = LXiy 2 =Y <03@ =3Sabit  olul. / ~ k%
Loabit Sref

W= Y ve Y, Levi-Civita anlaminda paclel ise x'=0, ¥'=0
=(X#¥)! E X'y lz0t0=0 =) (x+¥Y)=0
= Xt de Levi-Civte anleninda paraleldir. p

V= X, Levi-Civite anlovinde pearalel ve ceiR olsun, -y

Eex)! = gﬁgg*cx’ =ex! =c.0 =0
Q

=(cx)'=0 DX de Lev-Cints anlaminda Pafa!eldm

',AQ.

5 >° e
Vi =T in iz veltbry K, o bo\yunc:a Levi-Cinta aalaviiada

parslel plsur =) (%*)/ =0
= (=) =t ,N>N =0
L ladros LxUNSN =3 x"#gu =) o¢* e'rm
=) o« br jeodesibtic EELAAE
<=: < br feodezle ise =("‘€ Tm— = oL =(x)! + < YNDN -
=> (%) =0 2 &, o boyurcs  Levi-Cluite salevmda
pasaleldir, |
Teorem*® ENM! 4o i 'hfpef&b'ze\g M olsun. W (zerinde bir
Psféfﬂetfok epri ot i:{»\é) olegn Vic EI ve Vity)€ Tm(Xlo)
olsune & bc{junca M&e tejet oOlan V(-to)~ Vo((-(_-@) o.,g,!hsme
sahip olw bLir tel Levi-Clita 2rlevinda pralel }V velctdr
alen yardir, |
Ispat Oyle bir V vektor alsii aryorvz. i, o efrisi boyunea
Miye tetet olacak ve V'=0 eolscabtin -3
= V= V' =<KV, Nox>(Noe))  ayrics ,
<V, Nox> = <V Nox > +<V, (o) oldugundsn
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= V/=v*- 5<vjﬁ:°}>' =XV (A/aw)‘>j(N0°<)

g (\//Uoo(>}f <V(f)/\N(o<\(}f))> 210 %

= V= + <y (Now)* > (No) :‘WV

= VA QU (N0S) S (Nox) =0  Aumplebeder Af. deﬁblw
(o3 y* = = <V, (N0 > (o)

V)= _\7“&) = (o{(f),T/') 2 (N(t) 2 (V) NG (8 - - .) Va(+))

(Nox) (%) = N(ett#)) = Mo«tj = (xtt) F(Ni(6) N2 (t), M),

oD
LR SN o

pets
-y )

[

= vl 2w SonEs
: * S0
i I +( z v vJ)(/vooc) =0 V= (VS ny V")
=) d\/‘ + é (NJVJ‘)N'( =0 |(S42,25.55 0 .
v difeerslyel  deaklem siu-ovzial‘r =3 [3aqal

=1y dz‘ Nc("/c\/ﬁ"-”ufz,,\/m) =0

— - —_— o s | e —_— P p—

{=tt) | NN+t Mgl i) =0
t

n=6 ilinmeyenli’ ve. n - dertlenli lineer denlelevi sistet.
V(to) = \Toz(fo) baslanps sartl veya Wi(to) =i ;i<
-\7‘:&(@) = (< (ko )y MyN2 /---s V1) difgensiyel derlden lerts iGin
Varlle ve +ellil teoreminden bégte birtet U vebtor aleni
yardir, Vnin & bayurce Mdz tefet oldygud geiterelin:
QNS = <y Host >+ <V, (Vox)" >
== <V, Nos) Mo , hox > <V, (Noex) * >
= —<v,(r\foe<)><rvo°< Nox> < Vs (Now)® >
= =Svoxr> +<\//(No~<) >=0
S W)Y =0 => < W, Nost> = sabit.
Vo) = V(ts)) =24V Nox > |eo =<V (ko)) N (to)) > =0



Ytel igin, L ViNox» =0 =N> =0 = Ve (M)
= Vi) € Tmle)  dir. |
Sekil (Shape> Operatdry
Tanm: £" de bir hiperyvzey M .ve M nin bitim normal
veltdr alam N olsun. €1 deki 'Qiemsﬁn k.onnekaabonu
O olmale Jzere ¥XE %(M) igin , S(x)=DxN sellinde
taumh S dépbpimine M Yagrinde selil- © eratord veys
Weingarten Donipdmi dealr. |
Teorem: E" de bir hiFe“\\jﬁzey M ve M an seldl opefgtgri;
S olsun, |

i~ S: %m) — ’2(.(M) 11~ S )de.‘r.
X = S(x)

Ispat /}'—M, M nin birim normel vektor alsar =><N,N> =1
=> yxeUYlm) f5in , XL NPT=x(1]=> x[cnnu>]=0
=> DN, N 2+<N,OxN > =0 =2 2N, N> =0
= OoxN,N> =0 =3 DxN L N |
NE LM A DxN € M) = Sk exim)
= S: %) — %) din
1= YXYEUmM) ve Y bEIR igin,
S(aX+bY) = Daxroy N = aDxMN+ 6Oy N
' =aSK)+tbsS(Y)

= 8 b‘.lineerdid
. e // 23.4.96/c tesi
~TTTTT T~ ———————

N, birim hﬁpefjﬁwj netmali , XE%(m) , O Riemann konneus@onu«
gelll operatéry | DxN = S(X) Sy m) —%lm) lingar.

Teorem * E" de bir hiperydzey M olsun. M nin  selil opgrstc?rz)'

smedtribtir,



ispat ) VY X,1E %(m) igia , <X,N2 =0 A <Y,N>=0
= <D =Q = Y[—<X/N>J:YEOJ =0
=Dy X N2 +<SX)0yN>=0 o (1)
= <Y MN>=0 = X[<Y,n3¥= XB] =0
=5 ORI+ <Y DXNS =0 L (2) |
Tasf teafs gikarsrak , (2den {1/ gikararak )
= <oxY, N> = <Oy X, N> + ¥, 0x > =<X, 0y N> =0
= {OxY=OyX ;N> + <Y,DxN> ~<x,DyN>=0
=> < [, N>+< DxN,¥> —<X,DyN> =0
Halbuki [X,Y]e %(m) oldyjundar .,
= <TxY],ND =0
=IS00,Y > = <X, S(Y) 7 TrF
=3 S dénlml  simetriktin ,
Sonvg: E" de bir lf)l'per&dze\s; M olsun., M Jzermndel! selil
oFeratb'rJ S ise (M) dekd 'heyhagc' bir baza ‘55’&%
& nin matrisi  simetriktit. |
Tonm : (G auss Daliedimi ) +
EQ de ysnlendicilmiy bic hiperydzey M ve M nin diferen —
s@eltq_ebiifr bicim normal veltor alsn N olsvn.

2t | t—b e e | | | s € el
: p—— @)= N(p ) =Np =FC,N) biti Ul dir.

A o
',"5' &d(P) éX{IP

dondslming  Gavss doaligimi deair.

— T ANP) v




Teorem * €M de bir hiper yizey M ve M dzeindel] \Jeqz
\Ue{@artf/x démh’,,&w (sekil operatsrs) S olsun. ;M ’nin
Gauss dontsiminia  Jakobien d&ﬁpﬁmddﬂn
lsp&t// < f-:;;;’f) egrisi verilsn’n.d'(t)-‘-'-x.,((f): (M(%))ETm(O(lt))
olmal lzere bir xe 7.im) veriksin. N(f)'ﬁém alahm.
Pt Tonlp) = Tgn-1 (N(P))
dons Umlinln S fle qyni  oldyTunv ispatlayacapiz.

N = zi, atei)u =) 2=(8),82)---yn) -
ZulpBp) = Xp(2) = 1,:% XpLailsy: lp = Oxe N
= Pu l,o (/X,o)—": ,DxPN =S(Xf>) =} D% =S
Tanim: (Gavss doadsimbnia resmi ola

)= x : X&' A x=N(P)A PEM]

kimesing.  yénleaditilmis M hiperylagyinin  Liesel resmi

(Gavss tarzinds  Lilesel resmi ) deair.

2(r) = N(P)

4 4‘ :i ‘Q(M) | I

Ornele J E“,Eu:;h‘d, UZ;’Qjm:lé xﬁfxﬁfx\-;‘:rﬁ d@&(&w@!& verilen

M. e ylizeginin seleil operstordnil ve Gauss cbnlimbal by,
F(X’,Xz,)(s) = Ayt | Xg:2 1‘)‘32-—r”‘ =0 N = IF

Nved

. Ve | 20\ X2, X3) = 20X, X2.X2)
“V‘f” 2‘IX4 S A i

=)N= -F.— (thlixé} = ;

O)
><
o)

z':t



: 3
lefe Hm) igin S(XP) = DXP N.= GXP ['74': .é X'-—Q—;]
' 4

3
-+ a2 w1

Xe[xiJ = <UXilp, Xp2

|  (1,0,0) 1=
(2, 9K (
VX{ < / / ? (0/ '/ 0) )

7
(0,0,1) , d

Lo\ oXy oX2 oX3

= —;7 (XPD“J/ prXzJ /XI’D‘:‘J)
Xp’(@h@'?/&ﬂ)
= xelxil= £ (v4,0295)=

REE
SN,
= Sp)=EXp => S==2 T (T = birim  dafsim)

Hetirlotns * | 4.5.96 Je.desl

PR

M, e de bir hiperyuzey , X: T — €N < bir epri > N de
M ain birm normal vektor alsat olsun -

C=Rt) , otle)=(4(t), 00 (1), . .o .xa(4) ide

dotlt) iy (Sl dealt) o dea(e)
E]T'N{f)'(dt ,d‘(' Y /——-:dn-t-—-——

s(®) = DN N=(ay,80/--.s @) Tse
s(3)= p¥N = (WCaidy Whasdy.wt, Blfead )k
7\?[’3:]%{ & Va1 > §.><= (X1) X )= am X ). (M deki)

X keerdingt sisteming sp"fe ,;

B =a1(xy, Xoy=-2, Xn)

da; &8 gm,) — A () (I .., S¥a
v = = 1Y W'y L ek = = / /
B 6)(“/ 3?2 4 / AIXn /7 U ( ,

it
Ffaf‘}: dar dx) da g2 + ,,_,.,.ﬁ!:“.LgiE‘_’L) '

;) dt Wy d1 ddn ot
ol i T ——s M Nig 5 Inrt
€ — et (t) P — N(P)
e TP WL SN T
Nl T
- Nox

t ——— (Noe ) (t) = N(et(2))



N (¢)) = (a.('(('t)), ap (X)) juen , an((t)) )
PN ( Jda(x(t)) olaza(:u)) PR aa/\(x(ﬁ))

dt clt
depet)) - da) Xl 4...+ 984 dX SeRb 28 (M) Ko hadss 1 4)
dt Xy ot XA St {
Xi=Xq (¢) #00(¢) _ . .
= .a_é.'—. d_ﬂ_,\‘_,, pleel el é&"ﬁ_ f XN =Xalt) =20 (t)
g9X) ot An S ¥n

=5 jit = UTar]  dir. Benzer selilde

jé% = B La] {f=0,2,000n)

olvr, (Yzey nermalinim %fn'm*n parametresing  qore tirevi .,

L

%fr iz veltdrinin  Gilegenlerine $pre tilevne  egitir. )
)
(@) =S(=t))= OB N

i

Deertt) —I_\I_,
(o)[33, _ ., Ut)[2])

:dw/d PR da«)
dt 1 d4 ot ZX(t)

+ oW 4 numa'mm /
L((*) f\’ Za%b’/ewdm . 5

]

=5 ’ e i)
6(04 (t))= S( ) oTF 'o((t)
HsPefJuze;yn Parametre Egrileri

He § (X0 X2)mejXn)=X L XEEN N £ )Xoyt Xn) 205 TFO
kimesi bic hiperylzey idi.

X: <'X¢,x2,-_,/ Xn) 6” O'SUI\. &je,f' {(X’/XZ/-- <) XI]) =O ,da'\
X /XZ/—,'/ X/\-;,X/\ ;6’28’6’(&@ 2 %XI/ XQ,-,.,/X,\ If&(eju'\d&') birisl

: (n-1) é@usn cinsladen veya

Xg=X|(Uq,UQ,..,, Q,,.,) " XtuX2s---p%n “Verin b birisi  (a-t)

, +ate bﬂ{nw\ym cinSinden go23)r-
Xz, :XQ(W'/UQ;,.‘/UG—I/

P~ O o e el o

Xn*= Xn(u/,Uz,.,,,u,,,,) (Ul Jer lzeyff)
=) X=X (U',Uz, =ih o 04 -1) = (X( (Ud,Uz,.ﬁ,,UA-g);. --, X0 (Ul,uz,- .‘-,Uru—r))

buna faigg\}:if_ze\gm “yek{érel deallemi  denir,



4
5melc// Ed de, X24y2=R? I (0y,2) =X2+\72=ﬁzj:6( indi'r,

X=Reodw ) silindirile -+ kootdl: don.

y=Rsinu i = X(v,&)=(Reoau ,RsiNL, 8 )
z2=%

5mel¢,// X2’U7‘*22=é2‘ (Edde) Lkyre (2-kire) veys S kire ,
Z[Y/3/2)=-X - X&ESA )(zwlfzz.:at}

X(v9) = (x(42),9(0,9),2(ye))

q- Xcu/d:—'@_ =) z:?(gl'u’-—o,?-

X(ve)= (0,9, Ffa?-0f=0 %)

faket bunu goskermel vetersizdir. kyelsle oldyfun den s

Y= asinveas &

z=a sind /{7 .
: /
(0] @ D Y
/

11 = Xzacosb &s88 ; hiresel Lkoerd- don.
=]

X=X(99)= (& casvens ¥, & sincas ¥, asin )
S% kite Uzerindeti noltslasin  veltae! deaklemidir.

Ornek) E3 de Axitg+Cz+D=0 , € #0  dialem.

v, Yz =iz B Ay &
£ U/Jj us - (e c ¢ < i
X(U/@*) =(u,9, -2 _ %u—é— )
v . : '3 ' ,
Orneley €" de bir  hipesdizlem ['él 8/ X{=b veya

Xtz Xzt taaxa=b A ar#o0

b <

p 3 I~ _Q " -
XM Ty X222 Vg e ) Xn-t St A Xp= 3p  An TEari -5_—,‘3—02 =5 %‘-’*

—— a -
= X(u4V2,--, und)= (04102/-—»/‘)/1—4 o= ;," TTINGI - 8 3,7; Uz - —-——gﬁ"Uﬁ

bf/l@‘l-// prefujf& E”" de y \ o X " sbalaasti “ fj;“t}“

n
& xt=a? =) XXl tixati=lal
(=)



-1 hY :'.a'x‘_‘»

X\ T acosl|. o8V, ... cosUpy T ST cosuy
(=1

: N1
X2 5Q SINVy €aSUz - —-. s WUn) =ashy T <oy
~ 1=2
0 ~|
xs = as)'f\u?_ 6051)3 o Ca Un-| =& SIN Ua /')75 crs Uy L I
(= 0} l

\ ; A=Y ,
XyZ&SiNUg CoSVy -~ . .Caln-I = & SMU\‘;‘_'IICD¢U1
1=,

Xn-1 = @sinfp-2 co3Un~-t
Xn = & 8iNUn-

i) n-
X =X (Unv2)--:yUn-4 ) - a(Jrcosbf, Sy
i= .

Z-ZT—o\sut /—--/S)/) Un—l)
hiperlerenin en Wgun veltdiel _Beterimidir.

e A=14

Onelk ;, E" de hipersilindir , = Xj*=2a?

=l
X2t X Pt Lo+ xat) =a2

M1 e h - [
h;fjdi’lmé!f:‘? (Xl/XZ'---/X/\“/ X{])"X‘ )(424’ x22+'e<+¥/‘,‘ "'31 CEn -

‘s;)ine\ir‘—‘z()(“)(z;)(;):)( a xﬁ‘tx:.“;aef cgll | |

X,’:é coSy y
Y2=asinu § X(ugvz) = (Scosuy ,asin vy, Uy )
X7 ug : {
n-2 ! ]
X|T acosV) Cogl2 .. co§ Up.a =3 71; o3y
t i' a-z2 . "
X228 sinW) casly - - cosbn-2 = & sl T cosvg A a0
= B
¥ Y f\-?-
X3= &SIV COSUY - --. CaSUn-2 = &SNV, TT cosuq |
& ":z y o
Xn-2 = & sin Un-3 €osSln-y
Xn-1 = 3 &I Un-2
Xn= Un-y
] ’n‘z ] n-z (]
X=X (04,02, -.00-1) = (a,I)"Cowt/ asin “lt.T);_@wt, Ealiy | Undy >
e -

hiper Silindicln  parametrik deaklemidir. fo . | |
Hiperybzey UDzerinde  Egri *. X =X(1,0p --- +Un-1) paremetrik . 10 |
deallemi derildiginde, hlperyozey  Gzerdndelei  bir efryi elde etmek

;gll/\ /
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Uy =Ly (%), Ve = Ve (t) )--- ) Ug= Ypat)

- alvele  yeterhdir.
Parametre Ejd&l (Pérame{:fe. Qiadileri) ]
Hiperylizeyin X=_)<[ g )--- ) Unq) derkleminde Uy haris , d(§er
parsmetreler Sdbit alinrsa , &z =‘A@’=/--; = Moy ='~ss6f-':.
=X (V12 ey Ung )= Y (VL)
egrising _ﬂ:ﬁ?{@‘?@?._,@; ( urqiz\fi) denir. Benzer selilde ,
Up havig, Uz= Ug=---F Un-1=Sabi't alnirs @
=> X (01,02 = ~ryU0-1) = 2(Ve)

%Zn‘sn'nz hipefdb’z\ej'm uzz-\-ﬁvai/a/_;_ft_e_tre%gg[s{ (uz—qigff) denir.

—— -

Vp-t _harig , Uj,Vz,.-- ,Un-2 sabit iseler
=) X (U1, 0p - -, Up=1)= S (Un-1)
5rneb,// X1y?t22 =82 €% deli kirenin paovetce
esrilerini  belictin .

x(u,0)= (a cozycos @, Asinveosy, asin U-) (¥ =$6BH:. )

 MiNIa
- o . ~ b

U-pravetie efrlleri, B=sabit
=) acos¥=b , dsNd=c
Y(w) = (beosu, bsinv,c) = (x,1,2)

X%t Y%:=b6%, z2=c 4@/\/\!70/&0'!‘.. ‘ 465258

Y= T = Y(1)=(9,0,a)

, a P -
$=14 =) Y(u)=(—cosv,—=snp, 8
h = )= (Fem.Zd, &)
2t a
Y A e
= =2 Y()=(-acow, -asiny, 0)

X%\f:a" A 2=0



T cw&L , ocugoer

L dresin Ps’é”"afre 6“&”‘ ,osrale: qaﬂbe_rladir.// =y

J =sabit almexah, \$ pawtr@ gorﬂm, ;

V=0 =) 2| (@)-«(acos&, 0, 3sin\®)

X% 22252 . L YEO
u:’ﬂ/q =) z2,(8)= (%@J&%_C?étﬁ/ééfn LQ)
V=T, =iz, (9)= (0, évé@;&&f’\@)
X20 , yt122 =gt

L=l = 24(0)= (~ace3®s 0,a3808) ,  xU2%=32 A y=0
\ab'ze\jm her noldasinds  bir Gift
pyanetre ejn'&' e

v -qig;'l_ai (@ =sablt)

Bir hipergiaeyin  hesbir soktasindan

n-} tae pavaMetre g»m{ \3@4@-

Temel Focmlea Tin bir M hfﬁe@ﬂu\y{ ﬁzyindek.' 9.
temel (esas) form dye (9=1,2/:..n)
T2 YUMXGM) = (M, 1R)
(X)) — (00 =<8, ¥ >
seblinde toumli, T fonksiyonuna dentr

Solet) =8USls(. - 1 (86O ) ] , Ss(s(x) '%Sz(x)

M zerinde 1. tomel form *

Ti(x,y) = T(xv) = <s°(><)/ ¥> = <X/Y>

=5 I(x,y) =<X,¥> e q@fFIM (\/eH:of alenlannm 15 Sarpion)

(metrik tenser,)
(Rieasan metedi )

[\
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q= 2. =) IZ(X/Y) 48! (X)/Y> <S(X),Y>

dz4  #1 1’3007) <s=(x),v>

—— i —

Tgin , TN =<0, Y >
€4de hlpeybacy (YU2€9) Uearindeli tewel formlar.
o d.temel form , TN =TI =< x, Y >
o 2.tove) form, ITE(yY)=IXOuY) =<S(x),Y>
o 3.temel form, TIY)=UECY) = <S2U)Y>
’émek// M= (%, X3) It 4X2t5X3=1 0 €€ vesilsin.
Tewel  formle) bulshm.
Ty =<s%'00, Y>> L XvE enm)
S(x)= bx N £=3X T4 X2 #SX3-1 =0

N= V£ (3/6/5) o (3/4/5) =i@ —_1,__ _4—‘ |
£l \l")Héf?_S s¥z - (5‘ /'S vz, \/Z)

Y x& %(W) lsm
seo= OxN =(x[ 2 @) x[&e] ML)
<<></ V—C-)-\(->/ O/O> —(O/O/é) =

six)=0 = s*x)=S(sk) = s(0) =0
¥X,Y & %lm) igin, T(xiy)=<x,¥>
T200) =T =(SX),Y>=0 =2 T =0 &
fg(x,v)=II(%/Y)=<S‘O<),Y)=O EA YL 0
£% deti dislomde 2. ve 3. el formr sifirdic.
Oraek ; M=§xe,xa) & X *14e® =1 <€ silindic ybeeyi
veriliyora M _nin lirim pommal velktd sleal s
fixtrxl=8=0 Vf= (2X, 24z, 0) Nofl|=2

SES -I-l%fﬁr (XI/XZIO)= XA];D%-I'Xz—%Gr = X1e1+ Xz ee



A3 ‘3}’3 ; ,
_ . a)  XE m) vektsr alan
' l%x-
o Pt S X=(0/0,1)=ey olsun.

1o edalyboc 3]

\7_‘.§ 3z S() =S (ey)=0eg
e =_°:—/Q::.~J = (eg [XcJ/eq (2] ,esl@] )

=]

es[1=<€3, T > = < 0,0 (1,0,0)> =0
ea(x23= <e3,9%2> = <0,0,1) , (0,1, 0% =0
ef@] =<&,Vx1>=<(0,0/1), (0,00)>=0 = S(es)=50) =0
=) S*(e3) = s*(x) =0 fﬁ»w -
b) E3er '<-X/es> =0 ise (Xlesise)
X1*tX22=1 X de bu sembein tefeti,
X=cost , Xz=sint | XgO
=) () = (i), gt ), ¥f¢)) = (cost, sfat, ©)

=) x_-: S_E = (-—sfnt/ CO..)‘t/O) = ("XZ/ X|-, 0) Olsun .

S(x)=DxN = (X043, X(x2], x[0])
= (<'X2/XI/O)'/(’V§QO)>/'(1 / O)
= (=Xz, X,0)=X
SHX)=S(sx)) = 8(x) =X
o 'h@h&s’; bir dofrulte ise
X= (X, X2, X3) = X1%2,0) *(0,9,X3) =(%,X2,0)% X3 (0,0,1)
X=(,X2,%) = (X, X2, 9)'*)(35:3’ .
s(= SLxe, %)) = SLsxz, xg )1 Xses ] = S[(X//Xz,ﬂz]ﬁ‘ S"(X:;::Jr‘f\*
= Su/X2,0) t X3 S(ey).
Tnees it
<MXe,0),e0>=0  (XLes)  S(x¥e,0)= (XX, 9)
- | |

S(ez)=0
=) S(X)# S(Xixxz/xi) ’(XUXUQ)

=) %) L ez

RS =

T

L DR et

| VR VRSP S| WA W |



5& : Silindir Yzesindeli tevel form lari= wlun.,
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11.5.96 fc.des

N T Nt g™ N e ——

“Hoesas form >

3) X veya Y dm bfrfsi es ""aé';?'g ‘e podel dff”“’- e
T(xy) =<xY>

b) X véya Y den ‘(w'flis[ ey 'e poalel (se ,
Tiy) =<ey, 2 =<X,eq>

2,temel form 2

a) MWxry)= Sk, ¥ > = LY > = T(XY)

siretr

L) I(X,Y) = <S(x), Yy =0 r(x),w = <x,sly)> '
DL S Y)Y > =SS 0>
3.4tenel form s P =S8 >
a) ML(x,¥)= <S*x)¥> =< 35(),5(r) 7= T(xiy)
b) TLqy) =0
€l de Herhangi Bir Sd'zeg __ic,-:'n S ‘nin Matrisinin Hesabi
X=X(U)9) paemetal Olsak yazikin,
Y ¥ Np € E(M) igin ?\/;,\/23 l,'n.euv bajlmslz oLsu)_a.
TNV i bazdie. S(U)€E %(m) => S(VI) =aVitbvs
| S(Ve) € 2%(M) =>6(Vz)=‘sV¢ t+lV2

5,(& b)-;? Vi =X olsun.
cd) Vesxe

ON
5(\/()'55()(1)) =0xyN =

EYS
S(Vz) = S(X8) = Ddxu N = -g-%

N= MAV2 XuA Xo
VAV ) fixo A Xell

X0 AXe 12 =< X0 AXS ) XuMXe ) = <xu,Xu><Xe, X d—< Yo, X0 ¥ 2

<xu Xy =llwl)* =€, <Xe,Xe>=)xell? =6 XoXed=F

e XUAXe Ly IxuAXell2 FEc-F?
N T |
= ) XxuAxell =VEG-F2 = W oqlsup,



:UN.. & (XV/\X\Q) K EO(UA)(@-)W'4]

= 2 [ lruXes) (Sutud <xs, Xadm <xoxed> ) 7
= (Xuo NXg '+ Xu A Xyg) W'+
+ (xuhxa) (=1 )[2<Xvu,)(u > <X, Xe >+ <X, Xu> < X0u, X > ~

44
- 2K, X8)( <Xuu,Xe> +<xp,Xue > )J é(u,xu><Xu.,Xa> -, X >)
—y ON_ = GwuA X +XuA xvg) .,6(0 /\y@)<>(UwXu>G HEeyXe> = F (-

oV w w3

— F(<Xuw Xe >+ xp,Xue>)
w3

€Y de ZXU,X&,A’S bir bGazdir-
,95\35\0/ Xuu = A Xu t A Xg + AgN =3 <XUU/XU> = ){ EthF
3 K, Ny = <xu, XwAle S - g

"X\JAX&” ’
| Tame qalfw\ petormingn b olr- Xu (o aynl
idezall aldial1ialn .h.QMs:SW\AM sfuediet, 18 \wsdhal oK E3

W/ Xou = Mdut A2Xe Tt AgN = <Xuw,Xe > = A Fra6

— SXuw M > G- Skuy, X o DF
92

_ X, Xe > E -<X00/Xu> F
W 2

N/ Xou= AXut Ga XS +Ag Mo (Xup,N>= As = xup, XvAxe
1 ~ ) w

')\5 & de,f: ZXU/X\Q/UK
W

Xue = My Xu T Mo X tugN  olsun.
<Xe XD TME o, F A _xusy Xu D G=<Xub s Xe > F
(2
F+ p,6
M K(W}}/X@>G: {Xupg, Yo > F
w2
fdllp. I vde,éf*u&éw)(ai
, e

<oy N > = M3 :5




xouAXxe = Corxut Y Xe tAsN) A Xe | *lan
Al XuAXws *+ 23 N AXe
VAXe = XAXe Axo=d (xuhge) X

!

K (<XU,)m>X\9— X8 X DXu
=) NAXg ! |= JJ (F Xo = GXxy)
X0 AXug = Xv A(,u:)(u T XQ T My N)
= Mo XA X9 TMg XUAN
= 2 XuAXo T pa = (FXu - G X)

INy 4 <x\w/X{> G- (wa/c% FoAx9 + et [ Xvv, Xu, X8 [(FXe -G Xu)
o¥W w3 I . _ W2 tlaH  |sB

+ <Xverxe > € —(XU\;Q;//K/U> F Sk X )+ et D du,xe) [FXv- Ex3]_

W3 we

_ A2 G+ Ko Xe > E = F (<xovrXe >+ e Xv>)  (xy A xa)
~ w 3

ON — _Xu [-—- de«‘:@(vu/Yu,XaLtﬁ%@tD(u&;Xu,XnJF] +,

ov w3

+__>(_L9_[ det[ Xou, Xu,X]F = det{xvie, ) xo ] E‘J =s(xw)
wa '

(s(V2) = S(xe) = Dxs N = K = =5 (CAXDw-1)
= (XowAXe +Xuh Xae o)W (YuAxe ) ___ _ . .
o ] {
Rdndee| Sudilitzt W= ((Xu ) X0 L x> Xy Yo > ) 12
Yo S Xot po X+ gN Xew=Vxy tVyXatV; N -}
=5 %&’_ = S(\y)= —5—'—,:,— L'det&u\a /XU,X@JG t #f[qu/Xu,X\ﬁ] FJ'*

_,,_\_5&\&_ [:—dzt*CXu@/Xu;X@JEf 4&££X\{@/XV/X&]‘_F~J

s Yu}: a s] Xu] =) S=[a b;]
X9 c d X9 |Lleld
~dlet [Xuy Yoy X0 ] G + det (Ko 10, Xe )P+ detDupXuXeJF+det [ JE

|
S-ym— .. - -
04 "c(e‘tD(uu;Xu, X9 JG tdet D(Ut},Xu,XaJ 3 "‘de;f@(uu,)/u,)(.a jé‘o[fbf JF



S A e awekre gf,w,‘ 'l pliva-
O22l h3|* F=Llu,xe =0 A det[Xud, Xy, X8) =0 olsun.

_ det (v Xy xe] p B
T ol 1 Xl
S = o cthXM/KwX\n J
IXul) Ixe 3 //

A =Q)) "‘“"” &tEXUU/YW/X@JG
W= \‘E@»fz' = VE® = ol el E = lixull.]1xs I

= ezap=-1_ det(xvw, Xu,xe ] [Xo)] *=— det(Xuw, Xy, Xo]
fxull®)xell S IXol® xall
ddZd22 = - L det[XuwXu,XeJE =! 1 det[x¥e,xuXa]|tu))”
w3 IXull3 (Xl s |

du| Hil: F=<XuXe? =0 olsua.
‘ — detxXow XuXe]E | _ det(Xva Xy Xe]E

S= wi wa
_ et Cwe, XuXe ]G  _ det [xwg, Xu, Xw JE
Wi Wi

€=<XwXu>=HXuH?‘ G=LX9,Xa > #l|Xall?
wi=(EG-0 1 = (e a2 )3 =[xl Ixell?3

_éa{:&uulxm Xy J' gl det{( Xug Xy, X8 ) ]
§ = Ixull ¥ IXo ] IR
_ detEXua, Xy, xe J — detXee Xu, Xo J
X)) ) X |1* IXull X))
Ly
Uggvlama

1- X:E?—sgd
(u;@ —_ (cowcas&,@su%m@,ao) bvﬁcmm& veiilen M guzebmm

S seki o,oe/a'torunu bulun.
2
2— C:gcx‘/XZ/Xs) l X{'é)ﬂ / I$4’\<6/ 5*{2:’3 S"h‘,\dir"n",‘
selil opga’cb‘tﬁa\i bulun. T

3- X'gt—ES | ,
()= X(00)= (V288, using, aV)  ile taumlmas Mdbzaﬂfa'v\

geldl operatorund hesaplayia.




4= M=Z(XHX1,X5)553) )(3=>(|Q‘fxzz 3 Jb'zgt' 151N

operd £&FUNY W_&vladm i

GdaUmler
{— r b &Q([XUU;XU/)(@_}_-_ 3 24 _d_c;tLXU\QIXU/x\ﬂJ__ .
Mol xe ) IXul)2 x| 2
6T s de{D(u&,Xt),XhJ il detEX\’&/YU/X@ ,
L )Xaf) W Xe il I\ Xull.)) xe 3

)(kwu); (C‘QAUCDJ\Q, cosy Sind &U)
| Xo = (-siawees9 , =Sl sing, a )
Xo = (~osush@, casvcosy, ©)
Xuy = (= osu cpé\_(i, —c@.sius;'rh&, 0)
Xue = (s;'auSs'A\Q, ~sthu oo, © ) |

Yo =(-mspcosd , —cosusing, ©)

489
S ekl

-

F= dXu,X¢>= SINDcos\$ cosu sing = sfavsind cosp cos g = O

(lxull = | Sintu cod?@ +Sialusiads ta 2
:JTSM’ZU (@J’&fgjgz&)f&?- = \‘GMQU rat
Fid 4

X )| ={castvsin?® + coaly €osy

=J<cas?y (sin?9tco5?29) = Jcastu = casu

— cosU 28\9 =~ osusing )
ol (Xuu X, Xo)=| —siov@s® - —siaysing a
— OSD SIng coducas\: . - O

= =5 (—cos sty — 8 2usin?g )

= acytu
— oJuwes® . —wsusind o
det(Xse, Xy, xe) = | —sivei®  —siwsing 9

—CoSUS InG @QUCQS w0 o

=
\

zacdy 2u



det (o) Xuxe )= det(Xou, Xu,Xs) =0 | dir.

(_ det O, Xu, X9 o) 4
xw kS lx e L3
"XUIL'”X\QII; J b
[ _aces?y . zlod 1
S - (\S‘hlu+az)zjzk9$‘.3) el = N o o B0 %
Qealy
L | .0 | - Shtota [n(cm’u)J
2= X Y%= X12 cosu
X2 =sinu
Xg= U
X8 )= %y X2,%3) = (cosu sl &) = § = [:3 %} //
3- ok a ' .
S = LEH3 L
a o
V?’tal //
4- M‘f(Yqu,)(:s) e€?| xg=X71X," 3
Yz =& X(v,0)=(X) 1 X2, %3)
5(2'= VoS &
X)= 0 sin & - F(usin® uessie, u2)
NI e
. (1 f(tu7>3/2
2
o (Tt que 18.5.96 [ Aesl

Truim: €"de bir hiperd{}zey M ve M nin selil Ofwééé'r&'
S olsun. |
t- VYeeM roktasmna lkassthe geles S(P) nn’.n' bardbeteriytik
(65@ =62) Ageflefa’ne_ M nin bu noltadali ash eiq% deain
ti = Aslt egriliblere larsiile gelen buatbteristik (82 =ejgen)
veltdrlesin belirttg’ dagrv tulars M ain by p aoktasindald

asli dogruttulant (ss)i eprilite dogrultolest) denir.
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Haticlatma * ., HE
1 L:V—y , [Alaxa (Lincer Cebir’den)
o L(x) i@ Ax ' ! \ SVEA : s a T‘:
X =, X20=, Xn) = [x, [= o | il 5 A
7 |
' XA -"-:Aj\. 1‘,5

1) Eses AX=2X olaa Acie ye A ain &d@ef‘g/f desin.
. MX-Ax=0 =(AIn-A)X=o0
= Pal2) =det( ATi-A)

¢!)
A an kasaktesistil poliemu-

2 ) Fa(a) = O‘“‘-\)%é

A nmin dadeperle
[ s

3°)  AX=AX SN 2 TEWRBMER -7 1 11 Xt
nN=a =) '/ \' X = XX
y / /
\ )
ang ~ - - am Xa ’l(/l

e AuYitageXe +. . t aM‘X,l =0, X3
&24 Xl fa22){z+,_, 1’324 ¥An :ﬂ}, xz =)

o — -

QY tanzaXet - - taan Xa = M ¥

=> (Q=ApX4 tSl2Xok- .t dadazo N 6ffnmeyen
Sp Xt (Q22— )Xt - -~ + Qs Xn=0 A-1  dea¥lem
QA | s dei gl /Paf&»etre 5{/(
am )’4 t anzXot _ -+ (dm- UM = o gozlm vaxd;r

Sisdeminil edzim Veltdrlesire

{ )f,é ] Ann Gzveletdrlest denir.

X= WLk 1; SE0 Tat: T
N-—tare ‘fEIUl kasalter3 il

Xn M) N2 pee- ) A
Azjgﬂ' olabilir.
S seldl o/oea'té'fﬁ olsun.

S Tin(P) L T (P) Esjh..nxm-4 3t
V. o W S(V) - ¢ oSNNSy

-

=) ekl oPeatar“ davn  a-1 taae b.vak_te:m'bl; igen v bwlea
karalie  n-1 taw laakterstie vektor bulunabilin



Teorem * S nin Lavalteristib polmamu Tm F) dzlu bsz

dg‘? 'pmlym&m bglm\s)zd(r-

L (F) (esi).
Ispat y Tn(P) de ilki baz $ ve P olsunler.

¢ = fVHVZ/o“ PNt 5, w 5““”11-' Y=t
(h;payuz@m 'l:;wJadb w23y tan bgyu!:u n-{ d.f.)
S(e) ‘nin bu bazlya Jore matrcslen S ve Sy elsunlar.
IXe Tm(P) =) Seix) —5¢X ) S\p(x) —Sq;x

Linger cebir, baz dsn,swn —tearewmda, -
Sy = QS¢Q' olsn @ re.Ju‘e/ mateist ve/du-. KQJnAXﬂA]

P bezma &ore &ajalaéemf:lc polmomu . Psw (’h) ile
N Z i " Psg(ﬂ) e ééé'&’/e/m
$ ve P bazlama gore bashlelrid e.snf olohdmu Sestermeliyiz .
Psy ()= det (A Ty =Sy) =det (ATn1~ QSp ™)
=det[296™ ~@5p@]
=det[029'- 059 o]
= det[ @(A Ty~ &p)Q-'] ;&mg—z det A. det’§ f
= et Q.det (ATt ~Sp) . det @-!
= Pp(Mdet @ det @ édd—Q“'d:t_@

= Ps\p(?t)-—Ps(p(ﬂ) )
Sonug 1= nin asli efrilitleri, Tm () deli bsz Segiminden

be:frmsnzdnr.
2~ nin &SP dofriltulen da, Taglr) deli baz segiminden

bafimsiadir.
Teorem: €N de bir hipeqybzey "M olaun. Xp ve Yp bir PEM

noktasmndali, M afa Falh asl? g’r.’h’(-,(efine karsilile gelen

ketaktenstib veltorler jse  Xp e Ye ortqyonaldifler
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ispat y X ue kasilie selen sl efrilie ey ise, ! pUNGS

SOP)=MXp ;N Ta =) SXp)= ey Xpo (317 &l toum) )
Ve ‘ff e bosibe selea aSI0 grillie kp fse ,
S(Ye)= by Yp ya2ilabilir., P rashosTT
<sxp), Yoo = < XP,S{¥p)> (gell opeatard simetd ol.)
=> <Ly Xe, Yp> <Ko, ko Yp > i |
=> Ly <Xe,Yp> = ka2 < Xp, Yp>
=> (ko= > <Xpsfe> =0 =y #lg A <Kestp>=0recid
=> i aslf veltdr , XP;L Yo olur.
Team : (Siu§s Ejrilgi) ! vIZE 5ure<iy¢3 bod ar.
EN de bir hipefyizey M olsun. M nin bir P roletasindati

seldl o,oer,_gté‘fﬁ S(P) olmak Jzere

K: M 2R
P72 1e(p) = det S(P)

seklinde. tsamisrsn fontsiyena, M nin) Gauss Egrilile
fonksigen ve (P) degerine. de M qin P rottasindati
@suss  epriligl (totsl efrilie) denlr _
Teorem : k(P) Geuss eprili§) Tm(P) nin bsz segiminden
baFIMsI2dirs
I:S'oa‘t//' Yve ¢, Tm(P) de ki beza olsvnlar. S : Trnle) 225 T ()
domisominun bu bezlzs Sbre atmsle/: Sy ve S¢  olsun.
SY=QSd@' olscsl gsetilde Q r‘%ou(er mMetas Verdum. oo
Kp(®) = det SY(F) = det (@s9Q™!)
= dot [@(SpoD] =detq.det(spg)
= det @ det Sp det@~!
= Kg(p) detQdet @™ = Kp(P)
=K.[(P) olur.v f‘(Sazf;;xr'“l ‘\yazmya Swel k.



w‘Som)c;: K fonl&s&?onu dolayisiyls | L(P) Gouss riligi .
Tin(P) dell baz segiminder apmsizaic L(P) y( bulviea
Tm(P) nin en Uy qua bazini s_;qebn‘lir.'z. ; I

Teorem * €N de bir hfpydé'z;e,d M Olsvn. PEM  roltasindaki
M’ nin ash" eprilitleri y(P), ko (P)y--.  lep  (P) iseler,

k@) = TF Li(P) = kylP). uch)m k- (F)
L dif v

ispaty bika, il bn e karsiie selen kyskteristit:
Velcéb'rlaf)snasyla Xty X2)= ) X0t olsunler-€ger P oltas)
oee) volta depilse  Xi/Xg .., Xn-t  lerin hepsi  fo/ble it
alinabili. => X, Xz,--., Xn4a ler of*(:o\sonaldt'r =)
= e, x0-tS Tante) de bir bz

k, — X = S(x,) =k )q

kz—')Xz == S(¥2)=l3 X2 =) S(Xt')?'kt' Xe
kn,,""Xn-t =) SMn-1)= Qn-4 Xn-1 i=1,2,...,0-
X| by ol 1] Bl A k4 0. - O
s "fz = o't'z-”\o X2 S—Okz---q
i - ) ) \
Xn-) © 0. ’Lﬂ {4LKa.y 0- Q“"
\S S5T5S 1
L(P)= det S(P) = Li(P)s(P)m-_ oy (p) = rr leg (P)
1=/

i baza oire hessplanirse de |, selil operatdrthin defen's-
Hw & P P S
bo detesminantin deferini  vesir.

Teorem * EN de bir hiperyizey M ve Tm(P) nin bir bezat ,

Y=i¥N2,-..,Ya4 P olsun, M nin norma) veltor alsn z ve

bitim normal vektdr alen N =-——=
| =)
ol | E
LDY’HZ
K(p) = 20 dir.
” (P)”"" [ Y
det 3
Nl
| Z(P)
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Burada D,EM deli lkennetsijon (kovayyart irev) olur.

ispat ; ; ‘
7 By, Oy, Izl v =]
det | | = det / /
By DYy NzIl.N
z(f) L lz).N =Xz =Nzl
Oy, iz +
_ det ( 74 )N ”Z"” Oy, N
L(b v 120D N+ 1zl Oy
hz).N .
n.sati - _D_‘;L}H_ﬁ,’_'._ ile sypip.1.satva etleset,
2
12 1 Oy, .
L= det ,‘ | 1‘_--\:' SRR
”?-” Oys N
lzl).N
(Berzer Selilde 1. Satin —_Q%"_{Lé’i e sarpip (n-1). sstiea ellersel )
B zl |
Oy [t
=zt | |=hz"det | |
Oyp N ‘. S(Ya-1)
L |zl N 2(f)
;/{4 | \!4. s [ [ ]
i ":,z = :z — S}(YU oS ‘Yz
,' g | J | ]
Y- L] 1] Ya-| S(Ya LY0-1
S(¥) ‘ Y
S(Y2) | i .g \é
pel 15 et 8
S(¥n<) a4
Z(P) 2(R)
~ Lol L
- Y,
mdet (= Nztdet] - - !
Df/MZ @) { Y-t
L e) | i1 1 Lzfe),




(A

| o i Yy
N2l det el = 120" e(p) det | |
o { Yb' Ya-1

z(p)
2(p)

cizé[“‘ 1] =de+ S =l(P)

rbwz
det 7
1 Ptz
W LLi4 dAir.
lz(p))) ! E 1, e /4
|
dext )]
Y-\
L z2(P)]

=) k(P) =

Ocneleyy M= (O /Xa, Xs) 2 X4 .’%é+ X =) Qi €3 il
elipsoi & Jﬁzeg{m'n (Gavss ejn’l{ffnf “bulun.

el —s R

Xy X2/X5) — f(XuXZ/XS) X) 2,,. "' L('L ==

det 0 Yz ]
2(P)

"z.ll2 { ]
ded T2 B
z(P)

in,‘(zl-TM(P) n o baz ve z bir formel veltsr olant.
Vo(en, 2, 28) o 2= E (02, 5) oo

()=

2 ye dik ve ling bg’oms»z olan

Yl ve Yz lere  balalim.

- = 1"\ X Xz X3
Iz} G2 X2l K3t ( )
| fe 81

2= (2u2225) = z= (X, 48 1@.:;) olu.
DY‘Z=( YLz, VL2210, Ya[Z;;])' "denl |=>




Dy, z Wizl  wlz:1 ViLz23]
=) det OviZ [T det YZEZI ] Ya[22] Yzfzs J 1 5««,*,‘
S 2, 2y Z2 <37 i
X2 _ X
3 WIS S
= s X 0 — = XL
derr b 2 o 7| e
2~ X3
e
g © Valz= <My, 02102 y= (%, =%,0)
7zi=wn=(1,00) = Yi[2J= %2 ,

« Wiz l=2&Y,V2,> 92,22 = (0,4,0)
Y LZo) ==
cNf20]= V02> = V2p= v%t = Yi[2:] =(o,,@,-%)

Yy T i N a3
det {YZJE X3 O Lol ol = hgh(iXg 24 X2 + X
21| 7 o 6 B1
Xe
ik B 9
2= X2+ Xe?, X8
[1z]] { T + 3} |
onZ ' .
det [DY;.Z] ; / X!
= -— I‘ > _z 2
&ef[):] <l ’6+ ))G(”fé 3
1

- e

Sl r U

=) k(P) = 1
36(x4a+_3_,._4_) ¢

16
Teoren = EN de blr M hipeylUzeyinin  bic P mkt@émda:@;”“ .
G auss efrilgi , M vin p roltasindaki biresel resmi
‘7("’) deli  hiper alsn elementt ile M nin € deli hipes

c%la/\ elementinin orsmna egsittir



————
m—————

7 tdrev déndsimd ,
V% - Tm(e)—r—>Tgn+ (2R). oluc !

8

=S (Gouss &afsdmibnbn  tirev dondsdmd, setil ofaa‘t‘cfdf\ﬂ
Tm(P) nin bir bszi , {x,,Xz,',;....,x‘n—r}= ¢ olsun. i
Hiper sloa(hacim) elevertl oV = det[ X, Xey-. , ¥nss ]
(h'l badut»ta alsn, N bo&uea hiper hacion olur, )
Ldrese) resmi i § Qx(4), Txx2)mey 2x (Xa-1) | Olsun.
AVE = det | Qe ), Lulxed - , L (a-)] Yazlsbilir

dy¥ = det 2x &%[Xc,\{z\,;.\éxn-oj ( e = SXi %.[n]=s[
dv '?*‘SXQ Xt ’

L 13 _ Tdet aet
‘?« =8 = dv¥=detSdv = dv*—kav

___-,_J k(P)- Jdv ¥ hlfef'tu/esél 8'84 @ﬁ'ﬁc
dV " hiperylzeyin aler elmea-to i

n=38  jise -~£[-f(k@)aA , oAt alan elmmf:chr.

n=3 ise [[[ fOupz) AV , AU hacim elementidic
e -/-' S s=)arb)l =det [3,5]
__\‘ V=det) a,b Cj ,
f' : 255,%/6{:&3:‘

Tanim ° (Or{:elaua Eﬁnht) €N de bir hiperylzey M olsm M /zm_ _

bit P | noktasindaki se\dl o,nerataru s(f) olmak Jzere p

Him — IR '
p = H(P)= iz &(r)
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geltlinde termh H fonks{januna, M wnin  ortzleua ffru'h'k

.,

=%

fonksiyonn Ve H(P) deferine de, M wnin\p voltasndaki
zrfélwls\gfll& denir.
TJeorem : H(P) oftalgna am’ligo’, TilP) delki baz segimindes
bagimsizdir: |
ispaty, Tm(P) nin iki bazi @ ve @ olsun.
¢’2X4,Xz,--.,xn-/j ve &P-’EY:,Yz,--.,-Yn-oZ SR )
Latlerna gore S nin matcislgl,S¢ ve Sy olsular.
Lincer Cebir *dex: baz | ddnslimii - teorauine. sire.-, &yle bir
Q@ reqilsr matnsi' vedir Wi,
Sy= gsp@! Nl lak 3 f pwenhesST]
olur. Ayrica N2 (AR)= i2(8A) - idiBuna gore -
Hy =728y = 2@ s¢pa™ = iz [[os¢)e=!]
| = (2 [ Gose)] NEVORN
=12 S¢ = HP
(&az ne oiursa olsun , of talavia efrilit  defisnes. )
Sonvug: M, Ti(r) dell! baz seqimindeq bgmvz o.ldtgmdsa )
P=§ K0, K2semiy Kot 3 bszinr Tilp) dekd bamslieristit. (B2
Vet drler olvak seserset ; S(n)=lkyyy , Sk )= ko X2,--.

- / S(X,\f!) = kn,' Xn—l 3'&{‘6'( " Y MAN \:}
Xy by O ___ollX Wy o tilol.
S. Xa|=| O bk, __0O|lXa = /Sp= |0 lp o
{ ' ; \\‘> ! :“ . : 1' \‘ : &
Xl L o o.._ nadlxng 0 O__
N-—{ & ;'3;;.‘i;\‘
H(p) = [2 SCP kytlbot.-_tipy = é ki (P)
Gav§s ef,f,), ) asly @/; ML'UM g‘af(om»udu‘,
° OhYons 7 ash af{”“.'ll/k Lop'.g»darmm ) S aysng bo by e

5
| Hiey= B =2 = kile) sl ($azen) |

4=1



'~M(<:‘3r.l;k, c;'?:-f,‘”’ é:gn!en) : el de bir hiperylizey
M ve M bzerinde bir 6’” < oldun.\P( nin —tede,t ¢
velkddr alaat T ve M nin selil opefa'taru,cs olsun .

E3en e\gm: boyunca T vektdr alai , S nin ka/&w:uhk~
Jelktérlerine  Lasilie geliyorsa , o< &risine M uwmd.z

bir g’f'hkqlgcsadi desir. | | \Jaqal

Sonvg * Taums 9bre « thtgfei- wektér alsa bic kask -

v -

teristil Veltdr oldygundaa. S(T)= AT  bafintisk (2+#0)

ejrilil gizgilesinin di'ferens Jel cleak]emidir
S(1)=OtN —,‘%’*jt = )-r‘ dif deabi. (T pulvpamayskilr.)
Teorem : E" de bir hape{yuzej M ol«un m Jzesinde hefl«&trl bi'r

Noktadar cegen %:nhk q:z:fﬂera ortogonal bir efrt demeti

U Y R " e s Y CHN MU Wt Sp o

Olu,s-bururlar.
ispaty PeEM roltasinds, iki

efrilile izpisi % ve g olsun.

Tive T2, Xve Ban P
no ktasindaki £¢§e,t'lu" élwn.‘ﬁ ve Tp vektdrlesd bir, S 100
Lualbeistile vektorlesdir. Dahe énaeli 4eofevder, (Fer et
Loettesistie uvelktorler dlit oldufsader ) doleyr Ty LTz dir:
Ornele Y M=§(x.)kz, X3) 2 Xptr X2 =1 § silindir &J’zle igin
a) ly,kn &3lt e{rmklm’m" )
by K,H_eprilitlerinl buln.
Goadm a) Tm(p) de bir bezi SxuY S alahm.
02| olerak , X= S ax,; =2 S(X=0 NSK)=kX ) =
< A;W > =0 &lelm = S(Y)= Y "lczY =) k2 =
B pedets=|g §lebibe =0, Helzls)=0H =




— |
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ftinei metod : f:€% =3 a
sl =7 ' CapXa o) = £, Xe, X3 ) =Mt =-1 =0

= yf = (zx.,ZXz,O) z(r)= -af ”("“X“,")

HZ(P)H-\/)(;*H(;, e
- P _Z..C—Q— o= Z(P)
Bl Izl
1
Yi =(0,01) / Yo 2 ('XZ/XI/O) J
Dy, 2 \a J O O o
det 'DYZZ
= _tZ2M . - - = 25 =0 =
4 Yy o o 1 =Xy ~t o/
det Ya ! =Xy Xy O i /
2(f) Xy X2 © '

2= (v.cm YiLx23, m:o:t)
\—B V4EX¢J=<Y¢/VXO> <(0/0f!),(!,0,o}> o
Al DYzJ=< Yy,9X22 =<(0/0/I), (0,4,0) o

! (d e ‘:'x
) t 4 B « ‘i t\
Team * EN de bir h:,oerd[/ze\y M olsun. pEM  roltasindal

selkil operatérd S olsun. |
i~ 32€R isin S= AT,y Ise PEM noltasma, M nin
bir Mg (Umbilic pofntf-?jéée.k /\;Qt&sg) denir.
ii- s=0 ise (8 sifr donlsimi ise) £ noltasna M ain bir
dizlensel nobtasi (flot point) denir:
6!‘/\0.0.// Hiperkgrenn +im noktalesi :){M(a:'h'k noktadr.
Hipa;-h.'}zl@m'n tUm noktalart birer olu”z(w;el ﬁokfe&m

ispt ,, 5)  €(Xi N2 ey Xn) = )(42+x22+-,-+xn*-—£2=o

- .
ﬂsl.

Ne YE _ _ (2Xu2X2s-.-,2Xn) _ A (x.,n,-.-,xn)
eFl LN EETEE T PP 5 7 K] & |

P= (XX2,--. ,Xa) olerak sy or.
Y= (3l/32 s s9n) ETm(P) olmak Hzere >
S(Y) = DY N = DY Jé— (X"/XQ/-P»/XA;)z ) 3.\'..;:-



f(fod YEij, - YEXI\J )
s YEX13’<Y/VX1> <(:ﬂuya/~ /yn) (4101— /0)>-J4 f
’>YD<ZJ <Y Uhe 2= <(m:;12/-~,5n) (o,f:o,-,0)> =yia |
——— (:auuz/-—'/yn) —-"— Y
We—‘rmlp), s(v)
“{0iY2y..y Un-ug Tm(P) dﬂ— (o.r baz oLwA

S(Ul)ﬁz—iﬂ » S(V2) —'-lé— Uz jacy S(tn-r'), 5 Un-t

s T ST IR A
JEFRel ] [
Lul Lo & - e |l Uny ol Lk
= :S:l’}(l-ﬂ—-l dnf‘.

= hiperlurenin £um Aol:talar/ IJMbol:k mb.t&dzr, //
N
’Sf&f//b) ‘,2/ aiX¢ =0b =) & S(le ',-4-34)(4 - b L
Vi ks (a,,az,.,,,aa),/\/: VE = (&”az" )21) ==
el a1 Lta; 21131t
Y= (Y0924 -- syn) E TonlP) isin,

sS(Y)= 0yN = Oy (suazg--180)
rg’fa,_’é-. taq?

= (0/0/- i.l2@)

s(w=o = _f(u ] | -3
| S |ve =09 =) S=0

| l)n‘!
o h:’p&d«{izwn‘/\f WM voltdla birer dizlevsel robtade.
4] 16.96/coteal.
Toam: (¢ (E,sfe/uk T@qaat Veltsrler) : 1
' e“ de bir hiperylzey M ve peM ve M nin - selul ofeJatoru
S olsvn. Xp, Y& Tm(P) igin <s(xf),YP>,—o ise  (Sgyp)xpr=0)
XP, Y;o tanjaort veltorleri eplenttirler Mn‘r. | '

Tgm: Rir XpETm(f) igin, Xp#0 olmak V2ere <s(xp),Xp> =0

VR W N S S N S U " P—" -
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ise  Xp dojlultusune M ain p noltasiadali bir asimptoti'l
w-d@u'n X{J YV Vpéx nottasin de Jv:'f‘ é&(w) eden
& efrising M S2esinde b \ &SWlefot:L q;ﬁ' " deir.

Sonwg 't M Veerinde bir o %B‘nl;fnin “tepet vebtdd T olsun.
Xe=T alinaral => I8xp), > =0 = <5(T)/T> =0 b%mntl.sl
M lzesindell &éle’tOtlQ C}ug!/e/m ch—fae/)sdel denlda'm olun

= T= gdl—%(— dir. '

~—

Ornele,, X: €2 — €3
(vrns) D X(p,8) = {uc_os&,usmm,k&) (b =sabit)

olar M Udze,o;mh asimptotie cizgilesin dffefe/myel deslelemin)
bwlpnvz.. |
Gowm Yleeyin Lartezyen dentlewin,
Pe= X(UI\Q)': (XI/Y2 /XQ)

X (Pl=veoy  Xale)= wsin®, Xy=lk &

=) 6&’“9— =) X&=lkg=> X3 _ & olu.
X4 b
A
Ly /
. i =) . - ——x-% / "—I—‘—L—.—- )
,2 Normal veltor alsai = af: ( ne Xt cpsz_xé
L Laxe | Wl | 19
<'Xlz/"‘, kcosL>
' e
N=<Z_=>2=|2).N  Ejor o:T -3  efsi
) S5 0((6)

S Yy paavietresi g’r[\sf M Jzorindell bfr a&i/n,o'toﬂ&
gigi e =y <S(MTT>=0 ®lur. T, ¥ 2 birim tefjet Vebf" J
T=( 505:,55)= 2 S ol

<S(T)T> =0 <D, T> =0 —><Drm/'r>'o



VK prphie) 7> =onmidbr iy +(Pri) By > 20

= <(orz) =, 7>+ < 'r):” "'_]z,'r> =0

hz

uzn <°TZIT> t (TE ,,Z,,J) <2rr> g | f o unoE

= 5;<Pr,2z>=0 = {0r2z2,7>=0 ol

hzll

=2=(21,22,23) ise

DTZ = (TfZ/J/ TEZZJ/ TEZJJ)

=< (¢) é X(I) noltast jqia

(X () X (6 Xa(0)) = (si(e), Yo (e), Xglt) = (ect,o0,003) oy [+)

2=t T(§u5%) Cpend

T(=zd= <V2¢/T> ¥ <( -—‘-/ x,z’ 0),(31,8,5:) >
TLZ22] = in Si— fz :
1 " -
z,= -%4— / TEZZJ <V21/T> < ("' /olo) (‘-{'/g‘-)g-l )) s Q 9
|
| = - X_?- 5! :’

Te chszl(il Tl2dd= <92/7 N, 78 i‘
=<(O/°/"".£’ R CT Jei¥e =T > :
ayf Xa i
e |
2s8/'n EE"J T
e ———— -
kiqu)% j

P&
2X2 _ S _2sin G |
siiita X3 X ot~ z f 2 Peodt ﬁka Sa) »1?
:J<D-rz ,T‘> =0 oldu'Qv/\dM J
< : b
_)(ZXZ ¥ )5‘ ___g _ 28In gx 532':0 , :4‘
Heaya ! Al
L =il
mE drhrsebt g 2P0 % 2 |
le

3 ]

=) XZ &—Ji. 5)/\.—&4 532":0 4

N s S B e g o e CHU A G R, e M g L, !



= d°< ‘o(({') X s) = (5:,52154) (0<//°<z +% )'dlt)

2 / )
K'Lz (o(") - b(b([ 2/ _ sIin g ( 3/) 2 Lo |
-k

~——T"

ey Lol B F ol L L1 L 15

Teorem: é/‘ de. bir mpef\ijze\y M olsun.tf0 , sCO= ux ve '

S(Y) = —kY olacat sekilde ki Jineer bafimsia X ve Y !

vektor dlant igin X1Y ve X=Y \vektdr olailarinia ssimptotil

FaL

olmesi igin 3@rek ve yetes saré XtY ile xX—=VY nain or'tccycma/

-1}
olmasidr. :

' isPa{://':)‘ a) Xty asimptotik fse =3 <s(xtY),Xty> = ©

-3y
=) SCOtSY), Xty> =0 =)< lkX—kY , X+yY> =0

= K e(X-Y) ,(x+Y)> =0 => QZX—Y, XtY> = o mE
L7 O ve {X-y,XtY> =O = (x-vY) L (Xﬂ") Y S,
b) X=Y asimptotik e =) <S(X=Y),X=-Y> =0O LM
= <5(x)_s(y),x.—y>:.o =) <t XtlkY X—Y >=0
= K U(X+Y),X=Y> = O => L{XtY,Xx—¥> o
Lfo ve LXrY,X=Y>=O0 =5 (Xt¥) L (x=-¥) ,
<2 a)eje XY, xtY die ise = XY, xtY D> =0
S(Xty) = S(x) +5(Y)= kx-LkVY =l(x=Y) -
=) z()'(‘—v—wv)» A=.s(x+5() =) (X-Y) =—,1—,’$(x+‘(~)1

=) <-Q’— S(x+Y),(x4Y) > =0 =?T‘£;€S&+Y)/ X+Y 2=0
= <slx+y), X1YP =0 = XrY¥

&eﬂw §el¢;'d.2 p)

asfm,o tot ik d@ru Hu dur.

T
S(x=Y)=Sk)=S(Y) = kx-(-kY) = k(x+Y¥)

=) ke (xty)= Sx—v) =) (XtY)= %'S(X’-‘Y)

<x=¥,XxtyD =0 =) { X-¥ ;—%S_(X-Y) >=0



=) &Lx-\, Six=y)> =0 =<S(X-Y), Xx-Y> =0
=) X-y é.sim,o'bo{ihﬁff.
Teorem: €\ de bir hif.efyfl'zej_. M ols‘un.Axf € Twml(f) Olmaié.;_bj-:fffﬁ:
i~ Yp (ain)(aym 2amarda) hem assimptotil dejrultv Ve
hew de asli dgj‘rul'éu ise Xp tanjart vek4drd Tm(P) delt
her tenfart veltdre eél'.é/\ild:ir'.i’r,
i = XpETmlP) targort velbtord Tm(f) deli he tspjant
vektore eglerile (se XP bir asimptotil dogrultudur,
14{ - s(x.o)¢o e Xp ye eplesile olan dogrultular muﬁaba vafahr.
(v~ IL.temel form pozitif toumh (veya rggatif tauml) ise
higbir as'u/hp%o%e‘b. dogrulty  yoltur
lspa—t-/;-xe blr awm,o{:ohl:. da\yuléu se <skplXp> =0 ,
Xp b.r aah dclgrulfu fse SXp)=kXp
Xp hem Ssimtotik ,hem de  &SIT dogrulty we = <lkXp, Xp>=0
Al#0 = L<;x.$,x,o>=o = X, Xe7 =0 = |l =0
= fp=0 = S(p)=o0 EEENEN
V;Y,'»é TM(;) iqf}\ , <S(4p), Y= <0, fp >=0
=> s (xp),Ye >=O" =) fp ve Yp eglenik dcag"ru)tulardlr.//
i~ Xp' her darjont Veltdre egleri olsun, |
=) VYpéTm(P) c’éfﬂ,{S(XP),‘(,o) =0 by ifede Xp=Ye igin de
dagrudur. = <S(xp), XeZ =0 =2 Xp bir cuim,oAt‘.o%ié detrulEudur.
Hi~S(p) # 0 ise  Slw) ye ortggenal olar ea sz bir
Ye€Tm(p) vordir. = <s@p), o> =0 = Xe,Yp eslnittir ks y
v~ Xp&Tin(P) Tetn T (xp, Xp)= < SHp), Xp D> 0
=) < S(p),Xp > ¥F0O olur, 7 fonzes sekilde I (xpXp) <0 ise i

Sslmptoti b dajrulto yoltur
= agimptotib dofrulty wltve y



Mla%ma : (L;‘n.w Cebit: ) S50
MM@- Hu kyesel matris, karsok teristil  polinomuny-
seflen (bir L8LYADL.)

breel s, ,ﬁ-z(—t a.): \. pﬁ\.ga.)adet(ﬂzz-ﬁ)

2 2

1) ey L kvsllenstil pelingaa.,

=1 a1l OJ_[—J 2} —;[’A‘H -2]
| 252 =<2 {A=2
det (RZ2-A)= (D11)(A-2)=(= a%-9 -6
= fa(a)=2'-2-¢

=3 (’23&' ferler

PA(M) =0 =) A*-a-6=0 T (k% teny tik defester)

T 93:—2;

ko ltesristil veltorler ise ,
M LR e
e 3 812 X2 o
23 = (8I,-A)x =0
(4 2 )]z)
=2 1 (L X2 19}

2t X2 = Q@ =) Xa=2X

K= (xe)= (X, 2) =(1,2) Xy
=1 alnrse,  X= ('Jﬁ,)_ 2=3 isin Ma-(nin'nr5'2-@/6(«,{3/&'&3/.
8erces selilde , ’/\2 =3 I5in  bulmabil,
ealn) = A*—A-6Ts Lo
(1RG5
2120\ 2 (2 2 2 o 1 © 0
0 halde +eofem dOSrulMMtg olur. Y
Teorem : €3 de bir yizey M , M Uzrinde temel formler ;T ,I0,TT -
Gauss  efrilile fonksiyeny k. ve ortslava eprilit fonksjyonu
H olspn. Ru {aktirae, I-HIL +¢LT =0 bagintis) vardir
J'spat// n=3 iein , boyM =2 =bo\77‘ﬁn(p)=bo& &(m)

S peldl operatdriipun matelsi  Saxp  tipindedr.



E3Y ly ve Iz; asli efeilitler, Xy ve X2 asli dejrwhtvly e
Se=lXt , Sx2)=lkaXa  dic
X.,Xzé Tm(P). targoat velddrleri |ineer loéflm\wa o)sua‘;s‘v.;r-«'fi

sl ]:[lq O][X‘} S0P G B TR IR Y [&4 O] (Seil opesatdasniin
Xo O kalJLXe 0 lg matrisidir.)

T N YUY WU SO Ny N Wy W W o

\S'—'[h 0] Ps(?i)"d—&‘(‘[?lIg_‘SJ

IXpeTm(P) igin,
[s2-(atks)s + ko Ta J(xe) = Olxp)
= S¥xp) = (kytka) S(xp)+ lake Xp =0 0=(0,0) (sifir vewsr)

O b2 ;

. -«

=> Ps(n) = %[4 o]-‘_ [Q, o] = A2-(qtla) A+l b2 1
o 1 O k2 “‘f

Homilton- Cayley -teclemine dé’re | i]

=) Pg(8)=o =) 8§2-(ly+lky) Stk Iy =0 O:‘-(S% 4;
(sific mateis)

> OWpeTale) fein,
| s (xp )~ (k¢+&2)5(Xf s kliz Xy) y Yp> <o, YP) o) (Oelﬁ)
=S ) Ye 7 ‘(‘L4+ka)<S(Xp),Yp>+ que <Xp,Yp2 =0
xe, Yo €T (), ERET ‘ |
Z(Xp, YP) = <XP;V:°>
(xp, ¥¢) = <566, o>
r (xp, Yp) = <S% ), Yo >
H(P) =12 S(P) = (kytko)(P)  ortalams gfn‘h‘k: .
= det S F k2
I (xp, Ye) — H(P) T (xp, o) + (p) T(Xp,Yp) = O
= (I - HIE+ KT ) (vp/¥e) = O (ps16)

= (mM-HI+LI)=0



S509
I. esas formun ozelliees :
€ de bir hz'fy&:'ﬁze\y M ve PeM olsun. M Gzerindelef
seldl operatdri (tUe.'/gaffm dAénliglimi ) S Tm(p) — Tan (P) -
verilsin. \f Xp, Yo ETilP) igin 21 ” e
I(Xp, Ye) = <Xf>/Yf) air. (:f.-tem!l form)

IE(X{#,Y(#): <Sle), Yo > &ir'.(z.éml -f‘arM)
'.‘ I T

baplidir,
& e
lsfat/?)‘dxf, Yp ETm(P) , $(X,ﬂ) DxPM dgg'vndan
=)IT (xp,Yp) = <Sp))Ye> = < bxp N, Yp >
b N yeine =N slnrsa ,
(Xp, Ye) = <SOp), Yo > =Dxp (-N), Yo > ¢ Sdov * TI- devel foon
' - ‘\lfo /1101“
= —{DxpN,Ye > dm/mlml befint fr2d
Teorem * € de bir hiperyizey M ve ot:T—mM bir i

olsun. Bu talbtirde YrES igia ,

SErn ik NP>"’1( s lr 2106 )

dir.
fsPat// < =(s) fgin , S 3@3 parametres’ okva.
"’P "‘(So) ly XF’ (So) 6'77\/1(!’) alalim.

d“ B ) \ 14 i
Ayrica, d°< & Tm (#(s) —->< | s NX($)> =0

Turev ahrsak , => <%% )S/N(x(s;)>+< g—-ff- ls /;")3 N (e¢(s) =

C=> L 2

dsz 'S NS> 4 < Xp, S(Xp)> =0

=><‘i%“,s P NEE) > = = KS0p), Xp > == T (Np.Xe)



6 =\So ‘i;in _QJ_D_S ‘ — x% ‘5' O‘H@m“dy\ 4a \“‘. :'; s P o:u
aAS ST

=> <s><”(s°), NP> = —]I(x,o, Xf) olw
Sonug ¢ By Xp b:r a.s:mptohk da\sruH:u s
(S(XF)1X(> =0 = IL(xp,Xed =0  dir.
(Asimptatil dofrultular igin {b.’qg’ esay {otm sifie éd-l:ﬂﬁ)
Tam: I (Xp,Xp) méa&\sma N gr:lsn'n:"n (xp = %‘) p ‘ml('fastnfdea_é{
39{/}@@)/30( denir. Sembolil olarak T
Kn = I (xp, Xp) = <Spls Xp > AN .
Tle gdsterilic.
lelitlodma 2 n =8 halinde el Skhd weayinds Gir ylzey wh ol.su/),
N'iﬁhf;\ efri olsun.. o< %»f/m fsin.,

ot/im et ) ohnldiel i ol ofmsl See SuGAtS

h'news baj(m.slz S Grahm-~ Schamith or%@pnahz&sjan Me-foduy/a
=l d__ oL! é/(I/V\ tﬂ?ef VZ{(fo"n.//
\/Q_._-N é ,‘m aslp notmal \/ebfo’b'

| \/5 =& bi'n‘m binowmal  ve letard  olur.

- u | 0 T_’_‘—’.T :
ZT,U,E’;% b robtasnda Frenet Gslisd. [Pt "

<T,N»>=0 o/d@und@n,
SNAT>=§  olsun, |
= 7T, 85N de bir oftenormal bezdi 7
(fohlon s qapmi sfirdie , ayntleria 4 dir, )
.<-r,§> =T, NAT > =ricffT,N;T]=o
NS> = KN NAT »7 det [N, N, T]=0

= by TCR. gd_f: ~TN  Flenet forméleridir.




A A S11

NSl = INATI = )N }.,/?7;,5»\}[ i

(meusme.r Mamgﬁﬁleor i)
Bir yl2eyin bir nokea’.smdan Jefen ve dyn tefete

sehip  tom egrilesin egrilil  gemberleri bic kire (Mevsnier

A

8.6.96)c el

LR

Teorem *

Loresi)ozerinde bolunuflsr.
ispat ;, n=3 halinde , M,E3 de bir ylzey olsun.PeM

noktasinds , 7T, 2N T Gavss Uslist) (? A.l/\T')

TT/NBS =5V, N2,\3§  Frenet Jslisy ve ©:T —sm
= > o&(8)

Y=y Uzesinde  bir egm' olsun .
e =T ,_d?< dvl—-ac vg_ -xu‘
; o822 . .ds | |

as
A2 _ x Ny ifadesini N ile s sapim Olgral garpalim

2 das8?2
, o3
< ot /N >

as ‘ <Na,N >

11—( :J:; d"'( ) = o<, N> (di. ? S

HSE v .3;5/’0/ o ’,o) — Z{emelfofm

— x:v
' <Vz,N>I,o

LNz )=e i

<V N> o= ol Vil s ©
/ 1  BEAI 1L !
| = c:pse.

Norma) egf”n"{ =3

':) X = ¥n
23 (

1| aasenld=h.ld sl oy
= 1 ) iy cap)
| > =S 9 ke £

=¥ |
Ko I N xXn
R nermal %’g‘rmk @Aflqépn. =) 9= Rn<es©

—
—

KN
Xa



€E§er V) ve N den Sesen P o deki bir dizlem ile yizeyi
Lesesrsel , Jiﬁaeﬂ Uzerinde ‘bir 8’“’ elde edilir. Bu gt‘).zl"gj’i‘ﬂ‘w:'ﬂ‘
normal  estidir. Ru edr 1ain t%‘f&i‘:n'f;“é"se-(d ejn‘m’n .’t%feﬁ J

asly nocmalt &bz@fn normall ol

2 4 . 1 Vd - )t | K

it diec | S agi e, al kesttin epriligil
Xn=<& ds’-/ > ,0orm i 8?4§».
ot %’?rfni/\ efrilil  yarisapr
Rni Nocmal kesitin grilie yarigapt  [3=Encotef

N
/ Sonvg * 3= Rnole® &%ﬂ/ﬁ:l&l , Y&/1G8p1

P olsa 9mbafn,dwn9ap: Rn olan kire

Uzesinde  bulun duﬁunu éé)’sterir.

Meusnier kiresi : Rj =»;—é;) olon  ldre din
(E)ause‘:» nof mal %gr:'l{ge esit olan éﬁfe.)
Taorem (sl isin Eder Teoreni) _

E3de bir Yuzey M ve PEM olsva. P noktasindats ash’
%’r”Mm‘n,(&.,&g) farkh oldygunu kabul edelim.Tm(P) nia
asli veltbrlerden oluspan Lir bazi §X)Xe3 ve herhegi bic
X taigaat vekterd igin

k%: k(Xp) = kp) 2320 +k, (P)sin?e

bspintis) verdir, Gurada 5 L(P), Xp do§ro It usuadaki  normal
eprilile; © da, Xp ile birinci ashi gfrilt arasindaki agidir

(0 =< (xp, Xphp) ) =
p
/6 : "2/
Xy X

l.ﬁpat// X)) X2 S o(—to& onaldir.

Xe = an X1 |pt o X lp
Xp birin Olsya .

“; \ ) i th-?

-

v ——

b

R ——
S

|
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ay = < Xp) Xilp > é/l'@/l-ll;;ffn @O =3,

Qg = <XP/ Xelp > = Xl I lp || cos (;[-e) = 1B .

Xp = X;l,ocmefx;_},o sine Jazmr. ﬂ&rlca M Jeerinde

seldl operatdrinUn  meatrisi, s= ( k4 0)
0 ke olsun.
1% 1p, leff bazine agre . |
SCh) = la X
- o(Xs)-'-'—kzXz

\S(X’:)-‘: S(Xg ’p (<=ALC "'Xz'p 5)'/)6)

—
=

SWlp) e + s(xale)sin®

= i
4',0 X4[Pc956 + «2ﬁ))~ Xﬁ)PsIne
= k) = <SXp) ) Xp >
= k(p)= <llpXilp s+ Lyle Xulp she , %) lpeso + X, |p s >
= b(P) = k|, cos?© t+ kalpsin?e

bulunur B ise teo&@min ispét:d:n Y

o
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